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ON THE EXACT DECODING ERROR EXPONENT OF RANDOM
CODING ON BSC

We consider the binary symmetric channel BSC(p) with crossover probability 0 < p <
1/2, g = 1 — p. Its capacity C(p) = In2 — h(p), where h(x) = —xInz — (1 — 2)In(1 — ).
For the given block length n and the transmission rate R < C(p) a code C,, = {x},...,x%,}
of M = e randomly chosen binary n-vectors is used. Denote by P.(C,) the decoding
error probability for the code C, and by Ps(n,p, R) = E¢, P:(C,, p, R) its expectation over
Cn. Define by E,.(p, R) = lim,,o{—[In P.(n,p, R)]/n} the decoding error exponent of that
random coding.

Introduce critical rates Reii(p) = [(va — v/P)In(q/p)]/[2(v/@ + /P)] and Ruit(p) =
[(¢g — p)In(g/p)]/2 > Rei1(p) and denote ro = 1/2 — R/ In(q/p). We use the representation
R =1In2— h(0g), 0 < p < dg < 1/2. Next result supplements and sharpens results of [1,2]
and it is based on the paper |3].

Theorem. For the function E,(p, R) the following formula holds

R—1n2+Inq+ 2h(re) +ro1n(p/q), 0 < R < Reuini(p);
Er(p7 R) = In2—2In (\/a—i_ \/ﬁ) - R, Rcritl(p) < <
Esp(p; R); crit(p> < R < (p)7

where Ey,(p, R) = 0rIn(dr/p) + (1 — 0r) In[(1 — 0r)/q].
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