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Atayan A. M. (Don State Technical University, Rostov-on-Don) Calculation of the
operating time of a computing system based on correlation analysis

In the modern world, the issues of ecology and the preservation of the quality of coastal
(especially fresh) and commercial waters are becoming more and more relevant. In order
to preserve water complexes and maintain their integrity, it is important not only to take
organizational, engineering and technical solutions, but also to have highly effective methods
for modeling various potential and actual mechanisms of primary and secondary pollution
of coastal systems, which make it possible to quickly and efficiently, based on interrelated
high-precision models of hydrophysics and hydrobiology predict the processes of pollution
spreading and the occurrence of hazardous phenomena in coastal systems [1, 2].

To increase the accuracy of mathematical models based on solving diffusion-convection
problems, it is necessary to include factors that have a significant impact on hydrobiological
processes: parameterizable microturbulent diffusion and advective transport in various
directions [3]. The calculation of data on a multiprocessor computer system can significantly
reduce the computation time. However, the time efficiency of a computing system may not
always be expected. In this case, it is correct to carry out a theoretical analysis of the
calculation of the computation time based on the correlation analysis.

Let there be a certain variable i, which represents the ith observation of the dependent
variable y;, and wee denote the explanatory factors by a vector x;. Then we can express the
multiple regression model in the following form:

yi = Bo + Bizin + Boxio + - - + Bpxip + €4, (1)

where i = 1,2,...,p; B — free member, €; — member containing the error.
Vector final regularity n is a matrix of values of explanatory factors, dimension n on the
(p+ 1). The model in matrix form will look like

Y =X[+e. (2)

The estimate of this model for some sample will be an equation in which 5 = (8o, £1...6p)’,

/
e = (gg,€1.--€n)"-
The condition for minimizing the residual sum of squares can be represented as:

S = Xn:(yxi — i)’ = zn:sf =’ = (Y — XB) (Y — XB) — min. (3)
i=1 i=1
Carrying out transformations in (3) we obtain
S=Y'Y-p'XY -Y'XB+ X' XB. (4)
This implies
S=Y'Y —28'X'Y'+ B X'XS — min, (5)

where X’'X — matrix of sums of first powers, squares and pairwise products n observations
of explanatory factors; X'Y — vector of products, dimension n observations of explanatory
factors and dependent variables.

The solution of the matrix equation will be the vector

B=(X'X)"H(XY), (6)

where (X’'X)~! — matrix inverse to the matrix of system coefficients; X'Y — vector, free
members of the matrix.

To calculate the operating time of the computing system, y; acts as the final time, and
the explanatory factors indicated by the x; vector are: the size of the computational grid, the
number of computing nodes used. Thus, it seems possible to calculate the average running
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time of the entire system. On the basis of the presented regression analysis, a graph (Fig. 1)
was obtained of the dependence of the running time of a parallel program on the amount of
transmitted data and the number of involved computing nodes of a multiprocessor system.
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Figure 1 — time dependence on the volume of transmitted data and the number of
computing nodes involved.

Latency and data transfer times are calculated using linear regression. The formula for
latency is:

(7)

o 5.21-1076 +1.53- 107"k, if n < 512,
"7 16.733- 1075k, if n > 512,

where k£ — number of nodes. Transmission time per data t, = 3.3 - 1077.

Regression analysis makes it possible to give a final theoretical estimate of the time of
operation of a computing system when parameterizing model data. In the case of developing
mathematical models and designing algorithms for the parallel solution of the problem
of mathematical modeling of the transfer of pollutants in the aquatic environment, the
correlation analysis will make it possible to predict the time for calculating the data.
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Cramér type moderate deviations for random fields
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(joint work with Hailin Sang and Yimin Xiao)

Let {X,;,n € N,j € 7%} be a random field with zero means defined on a probability space (Q,F, P).
Suppose that for each n, there is a disc on the complex plane C centered at the origin z = 0 with a finite radius
H,, within which the cumulant generating function L, ;(z) = logEe**ni of X,,; is analytic and

|Lnj(2)] < ¢y forall z € C with |z| < Hy. (1)
Denote
Sy, = Z Xnj, Bn= Z var(Xn;), Cp= Z Cnj
jezd jEZ jezd
and let

Fp(x) = P(S, < 2\/B,).

Assume that S,, is well-defined, B,, < oo for each n € N, B,H2 — oo as n — oo and that C,, = O(B,H?2).

Then, denoting by ®(z) the cumulative distribution function of standard normal distribution, the following

theorem establishes exact moderate deviation for the random filed X,,; under Cramér’s condition (1):
Theorem If z >0 and z = o(H,,\/B,,), then

1—Fy(x) 23 x x+1
o P { v ) } (1 ! O<H¢F>)

where

k=0

is a power series that stays bounded uniformly in n for sufficiently small values of |¢t| and the coefficients S,
only depend on the cumulants of X,,; (n € Z,j € Z%).



Bondarenko D.V., Nikitina A.V. (Don State Technical University, Rostov-on-Don)
Evaluation of the effectiveness of heuristic optimization methods with a random
distribution of input data

Define some function f : R™ — R , for which it is necessary to find the extremum points
depending on the task, and the search area S = [s9;s1] x ... x [s9; sL] C R™. Next, the initial
harmonics {h; € S}¥_, are randomly generated in a given area, where k is a value indicating
the number of harmonics that can be stored in memory. Let in the algorithm p. be the
probability of choosing from memory harmonics, p,, — the probability of modification and
bw is the magnitude of the modification. The iterative part of the algorithm continues until
its stop criterion is met. The criterion may be a limitation on the number of iterations, on
the number of predictions without updating the harmonics memory, or the proximity of the
harmonics being added according to a given metric. When implementing the first step of the
iterative part of the algorithm, a new zero harmonic is created hpe, = {0,0,...,0} € R™.
Then, for each harmonic component, a random number ¢ is generated, evenly distributed in
the interval (0,1). If € is less than p., then the corresponding component from a randomly
selected harmonic located in memory is written to the current component, otherwise the
component is generated randomly, taking into account the belonging of the component from
the search area S. If the component was generated using internal or external memory, then it
is probably necessary to modify it. To do this, a random number ¢ is generated, again evenly
distributed in the interval (0,1). If € is less than p,,,, then the component changes by the value
d - bw, where 6 is a random variable located on the segment [-1;1]. If f(hpew) < mag f(hy),

then h,e. replaces arg lfn<w<xk f(h;). To test the algorithm, the distribution function of the

concentration of the pollutant in the reservoir was used [2]:

Clo,y) = sin(m(z — 10)/10)sin(r(y — 10)/10), (x,y) € D,
e 0,(z,y) ¢ D,D = {(x,y) € R? : z € [10,20],y € [10,20]}.

For the harmonic search method, we set the algorithm stop parameter in the form
of a limit on the number of improvisations in the iterative part, equal to 10000. The
number of harmonics that can be stored in memory is set to 100. The operating time of
the software module implementing the test task in the Python programming language was
0.496674 seconds. The result of the algorithm for the test problem under consideration will
be finding the best harmonic [15.000570810442545, 14.99912225607023| with a function value
of 0.9999999459017892.

The considered heuristic algorithm is a zero-order method, it is based on harmonics and
improvisation of musicians, which greatly simplifies its understanding. Using the idea of
modifying a vector with a probabilistic approach makes it possible to reduce the possibility
that when finding the extremum points of a function, a closure to its local extremum points
will occur.
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Chistyakov A. E. (Don State Technical University, Rostov-on-Don), Kuznetsova I. Y.
(Southern Federal University, Rostov-on-Don) Stability estimation of the equation for
calculating the pressure taking into account the collision time of the medium
molecules

A crucial task is to improve the accuracy of mathematical modeling of natural hazards,
including storm surges and the transport of pollutants in a reservoir. In this paper, we
propose to consider an approach to constructing a mathematical model of hydrodynamics
based on the well-known connection between the kinetic and hydrodynamic descriptions of
a continuous medium [1-2]. According to [1], in the case of a spatially one-dimensional layer,
the scheme will be constructed under the following assumptions: 1) at the n-th time step in
each spatial cell z € [x;, z;41], there is a locally Maxwellian distribution fy; that is constant
for this cell

_ Pi (-U;
fOi—WeXp (— QRPi)’ (1)

where p is the density of the substance, R is the gas constant, P is the pressure, ( is the
velocity of the molecule, U; is the macroscopic velocity; 2) during the time ¢ € [t”, t”“]
the particles of the medium perform collisionless expansion; 3) at the n+1 time step the
distribution function f"*!, obtained as a result of the expansion and is not Maxwellian is
instantly Maxwellized, and the whole procedure is repeated again.

It is shown in [2] that when solving problems of hydrodynamics, the equation of continuity
in the case of taking into account the time of collision of medium molecules takes the form

Py =T1"pi +V (pV), (2)

where 7* h/c is the regularization parameter or the characteristic time between collisions
of molecules, h is the computational grid step, ¢ is the speed of sound, V is the velocity
vector of the medium. In an adiabatic process, the speed of sound is determined from the
expression: ¢ = /(0P/0p)g, where S is an index showing that the derivative is taken at
constant entropy. In equation (2), the term 7*p}, arises when the momentum transfer delay
is taking into account in the case of representation of the collision time of molecules by a
discrete function.

According to [3], the calculation of the pressure function will take the form:

T
with initial conditions P|,_, = Py, P{|,_, = Pi. Here 7 = t"*1 — ¢" is the time step, V is
the intermediate velocity field calculated without regard to pressure [4].

Using the Rote method for equation (3), an analytical solution was obtained [5]:

P/, =—-AP, P= ZaiXi, a;(t) = a0 cos <\/)\_Zt) -+ (\X/Z)\_l sin (\/)\_ﬂf) , (4)

where A is a self-adjoint, positive definite operator, X; are the eigenvectors of the operator
A forming an orthonormal basis, \; are the eigenvalues of the operator A, AX; = \; X;.

In general, the system of eigenvectors of the operator is unknown. In practice, equation
(3) is solved by numerical methods. Solution (4) is necessary to estimate the approximation
error of the numerical solution.

Theorem. The implicit difference scheme approximating the homogeneous equation (3)
is absolutely stable, has the first order of accuracy, and the estimation of the calculation
error has the form:

*The study was financially supported by the Grants Council of the President of the Russian Federation
within the framework of the scientific project No. MD-3624.2021.1.1
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e X
14 kP k(1 + k) 4 P\Vitr/)
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On some Wald type identities for Fractional Brownian
motions

Manuel L. Esquivel and Nadezhda P. Krasii

May 17, 2022

Abstract

In 2017 A. N. Shiryaev asked us the following question: is there analogs of the Wald
identities for the fractional Brownian motions? We believe so by reason of the follow-
ing. There are series representation with Schauder functions—or similar functions—of
all Brownian motions, usual and fractional; these series representations are obtained
via the Haar basis and all have some remarkable characteristic: localisation of the ran-
dom components. This characteristic lead us to believe that any property of the usual
Brownian motion relying on this localisation feature may be extended, with adequate
adaptations, to all fractional Brownian motions. This is the approach that subsumes
the present work.
Let (Bf)i>0 the self similar process fractional Brownian motion for 0 < H < 1.

BH = Cy (/0 ((t 2 (_U)H—l/Q) dB, + /t (t — w)H1/2 dBu> ,

—0o0 0

with,

N

CH:E[B{{]_% (/0 ((t—U)H1/2_(_“)H1/2>2du+2;’> |

—0o0

where (Bi)¢>0 is an usual Brownian process and the integrals must be given a special
interpretation. We observe that there is a decomposition of this process, as the sum of
two processes, (1/Cy)BHf = R + MH with,

t
R :—/ (t—u)¥~Y24B,
0

and, the long memory process given by M({{ := 0 and,

MH .— /+0° ((t+u)H_1/2 B UH—1/2> dB
t L 0 u 9



(Et)tzo being an independent copy of (B)¢>0. We will treat the two processes separately.
We have, with {&, &% :j =0,1,...,400;k =0,...27 — 1} in H, a set of orthonormal
random variables in L?(Q, F,P), that.

otH+1/2 +00 27 —1

o T2 2 Gk
§=0 k=0

= &o

with an analog of the Schauder little tent functions defined by:

ok \ Ht3 ok+2 Tt
(“w) T w[“”( o ‘t) Tag 20

2J+1795+1 2J+1795+1

2%-&-1
1+2H

@fk(t) =

peaking with the value 2= HU+D+1D/2 /(1 4 2H) at the point (2k +1)/27F!. And, in the
same way, we also have,

- ) (2H+1/ _ 2 Ht1/2 +002/—1
— +
M == 55— ), +jzo kzoaj,kw],

Let the filtration G = (G;);c(0,1) be defined, for ¢ > 0, by:

) , 2k 2k +2
gt220<§0)5j7k73:0717"'+OO; k:07‘°'2j_]-:56 |:2j+1’2j+1|:7 8§t> )

and let Gy := {0,Q}. Let 7 be a stopping time with respect to G.

Theorem 1 (Wald identity for fBm component RH ). Let T be a stopping time with
respect to G such that T < 1 almost surely. Then,
E[RH] — SHA1/2|
e e

Theorem 2 (Wald identity for fBm component M), Let 7 be a stopping time with
respect to G such that 7 < 1 almost surely. Then,

2 (28+1/2 — 2)

E[MI] =E
1+2H

o

TH+1/2] .
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On the fractional differential Riccati equation and some new
numerical approaches to its solution.

April 30, 2022

Nicola Hu, nkhu@sfedu.ru,
Southern Federal University, Rostov-on-Don.

The following fractional differential equation
D(t) = M2(t) + pp(t) +v, Lop=ueR, \prveR, ac(0,1], (1)

where D) (t) represents the Riemann-Liouville fractional derivative of ¢ of order « in ¢, is known
as fractional differential Riccati equation. It appears in many different problems, as noted in [4].
For example, in the rough Heston model

{dst = SiV/VidWe,

Vi= Vo + iy (Jo 6= )2 n(m = Vi)ds + fy(t — )*~'n¢v/VedB, ) ?
which describes the dynamics of an asset price S; and its variance process V;. It has been shown
in [5], that the characteristic function of the log-price S; is expressed in terms of the solution of a
fractional Riccati equation (2).

The fractional Riccati equation has a non-trivial solution. Some numerical approaches in solving
the fractional Riccati have been elaborated. For example, through the Adomian’s decomposition
and the homotopy perturbation method (see [6] and references there inside). We will discuss a new
approach from [1] based on the fractional power series expansion of the solution. Moreover, In recent
times, Neural Networks have gained popularity, since they can be used as universal approximators
of continuous functions in an interval I C R (see Universal Approximation Theorem for Neural
Networks [3]). They have been used with great success in solving differential equations (ref. [2]).
We will use them in the approximation of the solution to the fractional Riccati.

The general and flexible nature of Neural Networks suggests that can find applications in other
problems, for example solving other fractional differential equations, which in recent times find
various applications in modeling natural phenomena (ref. [4]).
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A. V. Kolnogorov
POISSONIAN TWO-ARMED BANDIT: BAYESIAN APPROACH!

We consider a Bayesian approach to a continuous time two-armed bandit problem, in
which incomes are described by poissonian processes. The problem is studied in a discrete
approzrimation. To do this, a control horizon is divided into equal consequtive half-intervals, at
which the strategy remains piece-wise constant and incomes arise in batches corresponding to
these half-intervals. For finding the piece-wise constant Bayesian strategy and corresponding
Bayesian risk, a recursive difference equation is obtained. In the limiting case as the number
of half-intervals grows infinitely, the existence of a limiting value of the Bayesian risk is

established and a partial differential equation for its determining is derived.

We consider a Bayesian approach to poissonian two-armed bandit, which is different from
presented in [1|. Poissonian two-armed bandit is a right-continuous jump-like controlled random
process {X(t),0 <t < T}, which values are interpreted as incomes increasing by one at the time
points of jumps. A control is carried out using two actions. Let’s use a notation y((t,t +¢|) = ¢ if
on the half-interval ¢ € (t,t + €], ¢ > 0 the action y(t') = ¢ was permanently used (¢ = 1,2). If
this permanent control is used then increments of the process X (¢) depend on chosen actions as

follows

Pr(X(t+¢e) — X(t) = ily((t,t +€]) = 0) = p(i,e; A) = (Af—!)ie‘”f,

i=0,1,2,...; £ =1,2. The value X (¢t + ¢) — X (¢) is interpreted as a batch of incomes obtained
on the half-interval (¢,¢ 4 €]. So, a vector parameter § = (A1, X2), where Aj, Ay are intensities of
incomes’ generation, completely describes poissonian two-armed bandit. The set © of admissible
values of parameter is assumed to be known.

For a control, piece-wise constant strategies are used. At the start of the control both actions
are used on the half-intervals of the length ¢3. Then a control horizon is divided into equal half-
intervals of the length €, on which the actions remain constant. A control strategy o at the point
of time t, corresponding to the start of the current half-interval, determines a choice (generally

speaking, a random) of the action y((¢,t + €]) depending on the known history (X7, %1, Xs,t2).

ISupported by RFBR, project number 20-01-00062.



Here t1, 15 are current cumulative times of both actions applications (¢; 4+ to = t) and X3, X, are
corresponding cumulative incomes.

Let’s denote by Xi(t), Xo(t) the current values of incomes at the point of time ¢. If the
values of intensities A, Ay were known, one should always choose the action corresponding to
the largest of them, the total expected income on the control horizon T is thus 7" max(\;, A2). The
actual expected income is less then the maximal one by the value L. r(0,0) = T max(A;, A2) —
E, o (Xi(T) + X5(T)), which is called the regret. By E, s we denote the mathematical expectation
computed over the measure generated by the strategy o and the parameter 6. Here and below
the index ¢ highlights the usage of piece-wise constant strategies. Let’s assign a prior distribution
density p(0) = p(A1, A2) on the set ©. Bayesian risk computed with respect to a prior distribution

density () is
RE () = inf [ La(ovp)n(6)a. 1)
e
corresponding optimal strategy is called a Bayesian strategy.

Theorem 1. Consider a recursive difference equation
R.(X1,t1, Xa, t2) = min(RM (X1, 41, X, ta), RP (X1, t1, Xo, 1)), (2)
where
RW (X, 1y, Xo, ta) = RP (X1, 11, X, ta) = 0, (3)

iftiy +to =T and then

Rgl)(letlyX%tQ) =egW(X1,t1, Xo, ta) + Té(:l)Re<X17t1 +¢e, Xy, ta),
R£2)(X1, tl,XQ,tQ) = 69(2)(X1,t17X27t2) + T£2)RE(X17t1, Xg,tg —+ E)

if 2to <t < T. Here functions {g\9(X1,t1, Xa,t2)} and operators {Tg)} are as follows

g(l) (Xl, tl, XQ, tg) = //()\2 — )\1)+AflG_Altl/\‘;@e—)\ﬁa/ﬁ()\l, )\2)d)\1d>\2,
S)

gD (X1, 1, Xo, ty) = / / (AL = Ag) A e Ml NF2e= A2ty (N Ao )d A d g,
© = g (5)
Tf('fl)F(Xlatle%t?) :ZF(Xl +j7t1aX2at2) X ﬁv
=0 '
©° J
TP F(X1 1, Xo, t) = D F(Xy,t, Xz 4§, ta) X %
=0 ‘



Bayesian strategy prescribes to choose the (th action (i.e., oo(X1,t1, Xo,ts) = 1) if
Rg)(Xl,tl,Xg,tg) has the smaller value (¢ = 1,2). In the case of a draw Rgl)(Xl,tl,Xz,tg) =
R¥ (X1, t1, Xo,t2), the choice of the action is arbitrary. Bayesian risk (1) is

e

R.7(p) —to/ A1 — Ao (A1, Ao)dAidAs + Z ZR Xl,to,Xg,to)X'X', (6)
2

X1=0X2=0

and, in particular, R.r(u) = R:(0,0,0,0) if to = 0.
In what follows, let’s assume that ¢ — 0. From (2)—(6) the theorem follows.

Theorem 2. A limit R(Xl,tl,XQ,tz) = limsﬂw R€<X1,t1,X2,t2) exists ’Lf tl Z to, t2 Z to.

This limit is bounded and satisfies Lipschitz conditions for t1,ts. A limiting Bayesian risk (1) is

Rr(p)= lim  R.p(p) = lim R(0,ty,0,%). (7)

tO"‘i‘Oy e——+0 ’ to——+0

A limit R(X, 1, Xo,ty) satisfies partial differential equation

OR
min (— + R(Xl + 1 tl,XQ,tQ) g(l)(Xl,tl,Xg,tg),

oty
—at —|—R(X1,t1,X2—|—1 t2)—|—g (Xl,tl,XQ,tQ) :0
2

(8)

with initial condition R(X7y,t1, Xo,t2) = 0 at t; +t2 = T. A limiting Bayesian risk (1) is computed
according to (7). Differential equation (8) describes at the same time the evolution of the Bayesian
risk R(X1,t1, Xs,t5) and also the Bayesian strategy, which prescribes to choose the fth action if
the ¢th term on the left-hand side of (8) has the smaller value; in the case of a draw the choice of

the action can be arbitrary.

[1] Presman, E.L. and Sonin, .M. Sequential Control with Incomplete Information, New York:
Academic, 1990.
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The most popular path-dependent options are barrier options, which include double barrier
options. Let a stochastic process S; be a model for the chosen stock price dynamics. Recall that
a double barrier option on the stock is a contract which pays the specified amount G(Sr) at the
terminal date T', provided during its lifetime, the price of the stock does not cross specified constant
barriers D from above and U from below. When at least one of the barriers is crossed, the option
expires worthless, or the option owner is entitled to some rebate.

From a probabilistic viewpoint, one can express double barrier option prices in terms of condi-
tional expectation on a payoff function that depends on the underlying stochastic process and its
extrema. Notice that the known results on pricing double barrier options are rather limited. In
analytical terms, the option pricing problem under consideration leads to a matrix Wiener-Hopf
factorization (see details in [3]), which is not analytically available yet. To treat the problem in
general case numerically, one should apply the Laplace transform (or the Carr’s randomization),
then solve two coupled complex integrodifferential equations that require complicated approximate
formulas for the Wiener-Hopf factors. The overview of the existing numerical methods can be
found in [2, 5, 6, 8, 11, 9, 12, 10]. Therefore, pricing double barrier options in exponential Lévy
models remains a computational challenge.

In the paper [10], the author suggested a new approach for pricing exotic options with a payoff
depending on the infimum and supremum of Lévy processes at expiry. The method suggested makes
it easy to implement such a sophisticated tool as the Wiener-Hopf factorization for general Lévy
models with jumps of finite variation. The goal of the current paper is to extend the approach from
[10] to pure non-Gaussian Lévy processes with jumps of unbounded variation. The main advantage
of the method is applying semi-explicit Wiener-Hopf factorization formulas.

A Lévy process is a stochastically continuous process with stationary independent increments
(for general definitions, see, e.g., [4]). A Lévy model may have a Gaussian component and pure
jump component. A Lévy process X; can be completely specified by its characteristic exponent, 1),
definable from the equality E[e“X®)] = ¢~ (we confine ourselves to the one-dimensional case).

The Lévy-Khintchine formula gives the characteristic exponent of a pure non-Gaussian Lévy
process:

vk + /R (1 € 4 ity ) (2))TI(de), 1)

where 7 € R is the drift, 14 is the indicator function of the set A, and the Lévy measure II(dz)

*Corresponding author
Email address: koe@donrta.ru (Oleg Kudryavtsev)



satisfies [ min{1, 2?}II(dz) < 4o0. If the condition

/ min{1, |z|}I(dx) < +o0. (2)
R

does not hold, then the Lévy process X; is of unbounded variation.

Let T, K, D,U be the maturity, strike, the lower barrier, and the upper barrier, and the stock
price S; = De** be an exponential Lévy process under a chosen risk-neutral measure which is
pure non-Gaussian with jumps of unbounded variation. Without loss of generality, we confine
ourselves to a double barrier put option. Set the riskless rate and the dividend rate equal to r
and d, respectively. We consider an approach to pricing continuously monitored double barrier put
options without rebate under a Lévy process with the characteristic exponent (1) that does not
satisfies (2).

Let us introduce h = InU/D. Then the payoff at maturity is 1o ) (X7)G(Xr), where G(r) =
(K — De"),, and the no-arbitrage price of the double barrier put option at the beginning of a
period under consideration (¢t = 0) and X; = « with x € (0, h) given by

V(T,2) = B [ 1y, nolx, o, G(X1)] | (3)

where T is the final date, X, = info<s<t Xt and X; = Supg<s<¢ Xt are the infimum and the
supremum of the process Xy, respectively. The short-hand notation E*[-] means that we take the
expectation conditioned on the event Xg = X, = X9 = x.

Theorem 1. Let N be a sufficiently large natural number. Set ¢ =T/N, vo(q,z) = G(x)1( ) (),
and formn =1,2,... define

vn-1(q, X1,,)

oD = | T

15Tq+r>olqu+r<h ) (4)
where the random time Tyi, ~ Exp (¢ + ).

For a fired x, vn(N/T, x) converges to V(T,z) as N — +o0.

We prove Theorem 1 by using Laplace transform techniques and Post-Widder approximate
formula. Thus, we need a method to compute efficiently the right hand side of (4).

The new approach to calculating (4) requires the following steps. The key idea behind the
method is to represent the process X; as the sum of spectrally positive jumps X;r with a non-
negative drift and spectrally negative jumps X, with a non-positive drift: X; = X," + X, .

Let Xj 1 and X;L 2 be Lévy processes with the same characteristic exponent, i.e. X;r SN
X" and X, 2~ X,;". Due to the property of increments of a Lévy process to be stationary
independent and characteristics of the supremum and infimum processes, we conclude that X; and
Yi(= X?_/Ql + Y;zl +X, +X; +X :;’22 + Y;;) are identically distributed.

Let a natural number N be sufficiently large and ¢ = N/T'. Since the randomized time T},
converges in mean square sense to 0 as N — 400, we may approximate X7, in (4) with Y7, .
Notice that T,4,/2 is also an exponentially distributed random variable but with the intensity
parameter equal to 2(q + 7). We show that X}; ) and XT_q . admit semi-explicit Wiener-Hopf

factorizations.



Theorem 2. Let g > 0 be sufficiently large. Then for a fixred £ € R

B[ X T — Bl T)] ~ O(q72) as ¢ — +oc.

Based on Theorem 2 we suggest the following numerical procedure for computation of (4).

Theorem 3. Let a natural number N be sufficiently large and g = N/T. Introduce the following
operators:

Etulw) = Elu(z+ Xy, )], EXulz) = Elu(z + X7, )];
Exu(x) Ex[u(i;ﬁrﬁ)], E-u(x) = Ex[u(x;ﬁr)].

One may approximate vy (q,x) in (4) as follows:

_ Lon()

vp(q, x) = 75f1(0,h)515f1(07h)5:5;l(o,h)é’ivn,l(q, z) 4+ 0(¢7?) as ¢ — +oo.

(1+7r/q)

The operators £F, T, &, and &~ can be efficiently implemented by using the Fast Fourier

Transform (FFT) for real-valued functions (see e.g. [11]).

In the paper, we suggested a new approach for pricing exotic options with a payoff depending

on the infimum and supremum of Lévy processes at expiry. The method suggested makes it easy
to implement such a sophisticated tool as the Wiener-Hopf factorization for general Lévy models
with jumps of unbounded variation.
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The work is devoted to a new approach to the series expansion of iterated Stratonovich stochastic
integrals with respect to components of the multidimensional Wiener process. This approach is based
on multiple Fourier—Legendre series as well as multiple trigonometric Fourier series. The theorem on
the mean-square convergent expansion for the iterated Stratonovich stochastic integrals of arbitrary
multiplicity is formulated and proved under the condition of convergence of trace series. This condition
has been verified for integrals of multiplicities 2 to 5 and complete orthonormal systems of Legendre
polynomials and trigonometric functions in Hilbert space. The Hu-Meyer formula [I] and multiple
Wiener—Ito stochastic integral [2] were used in the proof of the mentioned theorem. The rate of
mean-square convergence of the obtained expansions is found. The mentioned results can be applied
to the numerical integration of It6 stochastic differential equations with non-commutative noise in
the framework of the approach based on the Taylor—Stratonovich expansion.

Let (92, F, P) be a complete probability space, let {F,,7 € [0,T]} be a nondecreasing right-
continous family of o-algebras of F, and let W, be a standard m-dimensional Wiener stochastic
process, which is F,-measurable for any 7 € [0,7]. We assume that the components WQ) (i =
1,...,m) of this process are independent.

Consider the unordered set {1,2,...,k} and separate it into two parts: the first part consists of
r unordered pairs (sequence order of these pairs is also unimportant) and the second one consists of
the remaining k& — 2r numbers. So, we have

(1) ({{glv 92}, R {927“*1a gQT}}a {qla s ,Qk72r});

part 1 part 2
where {g1,92, ..., 9201, 920, @1, - - -, @k—2r-} = {1,2,...,k}, braces mean an unordered set, and paren-
theses mean an ordered set.
Consider the Fourier coefficient
T to
(2) Cipir = /W(tk)% (k). /¢1 (t1)j, (t1)dta ... dty
t t

corresponding to the function K(t1,...,tx) = ¥1(t1) ... Yr(te) L <<ty t1,-- 5t € [6T], & >
2 and K(t1) = ¥1(t1), t1 € [t,T]. Here 1(7),...,¢¥x(7) : [t,T] — R are nonrandom functions,
{#5(2)}52, is a complete orthonormal system of functions in the space La([t, T1), ji,...,jk = 0,1,...,
1,4 denotes the indicator of the set A. At that we suppose ¢g(z) = 1/v/T — t. Here and further, we
assume that 0 <t < T < oo.

Denote

T tiyo [ZESY
def

= /¢k(tk)¢jk(tk)---/7/}l+1(tl+1)¢jl+1(tl+1)/1/}l(tl)1/)l71(tl)><

G~y J J

Cjk---lerljljljl—Q»wjl

ty ta
(3) X /¢l—2(tl—2)¢jl,2 (tl_g) . / Y1 (tl)(bjl (tl)dtl coodti_odtiti gy ... diy,
t t

ie. Ch. jisrjijigis...i|Gujn~() 1s again the Fourier coefficient of type Cj, .. ;, but with a new shorter
multi-index jg ... j14+10ji—2 ... j1 and new weight functions 1 (7), ..., ¥i—o(7), VT — ttj—1 (7)1 (7),



2

Ui+1(7), ..., Yr(7) (also we suppose that {I,I — 1} is one of the pairs {g1, g2}, ..., {921, g2r} from
the relation ().
Denote
d f oo oo o0 o0
Y €
qgﬁml - 2: Xﬁ o 2: 2: Ciwin| _ o
Jg1=Jg2s Jgor—1 =92,

AF91,92,-92r-1,92r  jgo  =p+1jg,  o=p+l  jeu=p+1iy, =p+1

1 N 3
déf 51{921292171*‘1} Z Z

q7ﬁ917927~~~,92r179w} Gagy_ 1 =P+1 gy, =p+1

~(p)
&{Qi@ml

f: 53 T f: 53 Cji...in

jgzl+1:P+1 jg2l,3:17+1 j93:P+1 j91:P+1

(j921j92171 ) ()dg1=dag s 2Jg9,—1 =Ja2r

Note that the operation S; (I = 1,2,...,r) acts on the value )

Jk--Jq---J1
S; multiplies CJ(-: _)__jq_
t0 Jigy_,, and replaces Ciy . ji |j,, =dgy s rion, 1 =dgn, With Cjk"'jl|(j921j92171)f\'(')ﬂjm:jyz ,,,,, Tomn 1 =dagy - At

that we write Cjk~~~j1 |( Cjk~~~j1 |(jgljg1)m(')7j91:jg2 .

|Q¢91792)~~~792T71;92r as follows:

..j1|Q7’5917927---;92r—179w by 1{92L:gm71+1}/2, removes the summation with respect

Jg1Jg2 )f"(')vjm =Jgo =

The action of superposition 5;.5,, on C’;f_)__qujl

5351 {C'J(':-)--J—q---jl

|q7’591,92,~~~792T71,92r is obvious. For example, for r = 3

1 oo
= ﬁl{%:gs-ﬁ-l}l{gz:gﬁ-l} Z Cliy..on
Jgz=p+1

(jg2j91 )f"(')(jgﬁjyga )f\'(')ngl :jyz 1jg3 :jg4 7jy5 :jys

Theorem 1 [3] (Sect. 2.10). Assume that the continuously differentiable functions () (I =
L,...,k) and the complete orthonormal system {$;(x)}32 of continuous functions (¢o(z) = 1/v/T —t)
in the space Lo([t,T]) are such that the following conditions are satisfied:

1. The equality

1 S ) S T
() 5 [ einemar =3 [oa0)0r) [ 010)0,(0)d80r
t J=0% t
holds for all s € (t,T], where the nonrandom functions ®1(7), ®2(7) are continuously differentiable

on [t,T] and the series on the right-hand side of {@) converges absolutely.
2. The estimates

s T oo y P
Jesmnmar+| [omemir < 2L | S [0ame0) [ o000 @aar) < 22

Jj=p+1 t t

hold for all s € (¢t,T) and for some a, 8 > 0, where ®1(7), P2(7) are continuously differentiable
nonrandom functions on [t,T], j,p € N, and

T

T
/wf(r)dr < oo, /|‘~I/2(T)|d7' < 0.
t t
3. The condition

p
. ~(p)
p]i)r{.lo E (Sllslz...Sld {Cjk~~~jq~~~j1
) ip=0

aF#91:925-+» 92r—1-927




holds for all possible g1,¢2, ..., g2r—1, gar (see ) and l1,la, ..., lq such that ly,la,... g € {1,2, ...,
rhli>l>...>13,d=0,1,2,...,r— 1, where r =1,2,...,[k/2] and

def ~(p)
Jk--dq---J1
q7#91,92;5---, g2r—1,92r q7#91,925---, g2r—1,92r

for d=0.

Si, S, -+ S, {CJ(’f.)..quﬁ

Then, for the iterated Stratonovich stochastic integral of arbitrary multiplicity k

(5) T ™) / Vi (tr) - / Yi(t) 0 AW o dW )
the following expansion

(6) J*W“)](Ti};“’:l-i-m Z Chgn 1 L (110

pP—o0

that converges in the mean-square sense is valid, where Cj,  ;, is the Fourier coefficient defined by
@), Li.m. is a limit in the mean-square sense, i1,...,4, = 0,1,...,m,

T
¢ = [ dj(r)awt
-l

are independent standard Gaussian random variables for various i or j (in the case when i # 0),
de) and ode) (i=0,1,...,m) are It6 and Stratonovich differentials, respectively; W(O) def

The following theorem is proved [3] on the base of Theorem 1.

Theorem 2 [3] (Sect. 2.11-2.15). Suppose that {¢;(x)}32, is a complete orthonormal system of
Legendre polynomials or trigonometric functions in the space Lo([t, T]). Furthermore, let ¢ (7), ...,
¥5(T) are continuously differentiable nonrandom functions on [t,T]. Then, for the iterated Stratono-

vich stochastic integral J* [1/J(k)]¥}t"'i’“) (k = 3,4,5) defined by @) the following relations

s (k) (i1 ik) _ s <z> (i)
(7) T ®g —L-ggo Z Ciawir Gy - G,
..... J=0
2
* i1...0 7 4 c
(8) M (PO~ S O <
JiseeJk=0

are fulfilled, where i1,... i = 0,1,...,m in @) and iy,...,ix = 1,...,m in @), constant C is
independent of p, € is an arbitrary small positive real number for the case k = 4,5 (polynomial
case) and € = 0 for the case k = 3 (polynomial and trigonometric cases) or for the case k = 4,5
(trigonometric case), Cj, .. ;, is the Fourier coefficient defined by (2), another notations are the same
as in Theorem 1.

Note that (7)), ) are also valid for the case k = 1 with € = 0 (see Theorems 1.1, 1.16 and Remark
1.7 [3]). The case k = 2 of Theorem 2 as well as some narrow special cases of Theorem 2 for k = 3,4
were considered earlier in [3] (Chapter 2).

An expansion similar to (@) (without estimating the rate of mean-square convergence) was obtained
in [4] using a different approach.

The expansion (@) for the narrow particular case iy = ... = i # 0 can be obtained under the
condition of convergence of limiting traces [5] (Theorem 5.1), [6] (Theorem 4.1), [I] (Remark 1.5.7,
Proposition 4.1.2) (the definition of limiting traces can be found in [6]).
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Stochastic longitudinal oscillations viscoelastic rope with moving boundaries,
taking into account damping forces
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At present, reliability issues in the design of machines and mechanisms require more and
more complete consideration of the dynamic phenomena that take place in the designed objects.
The widespread use in technology of mechanical objects with moving boundaries necessitates
the development of methods for their calculation. The problem of oscillations of systems with
moving boundaries is related to obtaining solutions to integro-differential and partial differential
equations in time-variable domains [1-10]. Such tasks are currently not well understood. Their
peculiarity is the difficulty in using the known methods of mathematical physics, suitable for
problems with fixed boundaries. The complexity of the solutions obtained is explained by the
fact that up to now there has not been a sufficiently general approach to the analysis of the
features of the dynamics of such systems. In connection with the danger of resonance, the study
of forced oscillations is of great importance here. Attempts to investigate this process have been
made, but the results obtained are limited mainly by a qualitative description of dynamic
phenomena [1-4]. In addition, it is recognized that deterministic modeling of systems cannot be
adequate for some types of problems, so it is necessary to switch to probabilistic-statistical,
where there are random variables, stochastic fluctuations. When solving here, mainly
approximate methods are used [5-9], since obtaining exact solutions is possible only in the
simplest cases [10].

If the damping of transverse vibrations is mainly due to the action of external damping
forces, then in the case of longitudinal vibrations, the damping is mainly affected by elastic
imperfections in the material of the vibrating object [5-10]. The study of viscoelasticity includes
the analysis of the stochastic stability of stochastic viscoelastic systems, their reliability, etc. The
paper considers stochastic linear longitudinal oscillations of a viscoelastic rope with moving
boundaries, taking into account the influence of damping forces. The case of a difference kernel
makes it possible to reduce the problem of analyzing a system of stochastic integro-differential
equations to the study of a system of stochastic differential equations. To estimate the expansion
coefficients, it is proposed to apply the statistical numerical Monte Carlo method [11].

The differential equation describing the longitudinal vibrations of the rope (viscoelasticity
is taken into account based on the Voigt hypothesis) has the form [7, 10]

U, (xt) +2aU,(x,t)—a?| U (x,1) —j K(t-v)U, (x,v)dv +yum(x,t)} =T

Border conditions

U (v,t,t) =0; U(v,t+1,,t)=0. (2)
Initial conditions

U (x,0) =U,(x); U,(x,0) =0. (3)



In problem (1) - (3) it is indicated: U (x,t) — longitudinal displacement of the rope point
with coordinate x at time t; a®=E/p— velocity of wave propagation in the rope, E-—
modulus of elasticity of the rope material, p— linear mass density; « — resistance force of the
medium acting per unit length of the rope, proportional to the speed of movement; «— a small
parameter that takes into account viscoelasticity; v,t+1,— the law of motion of the rope
boundary; f(x,t)— a function that characterizes an external disturbance; K(z)- relaxation

core.
Let's introduce new variables that stop the bounds:

§=(x=v)/lp; T=atll;; uxt)=V(7).
After transformations, we get:
V, (£,7) =2W,,(£,7) = (L-V*)V.(&,7) =2k (&, 7) + 2KV, (&, 7) -

S+vr
4 ] KAVl ) o) 2 (Ve (6 -2V 60 =R @
4

V(0,7)=0; V(L) =0; (5)
Here v="0 d=l kol k—avd: A= FE ) =vid2E (k).
a A d

The function F(&,7) can be represented as

F(£7)=Y F (2)sin(w,¢), w, =zn. @)
Theorem 1. The solution to problem (4)—(6) can be given as a string
V(&,7) = Zvn (7)sin(@,&). (8)

Substituting (7), (8) into (4), after transformations, we obtain the system of equations
V. 0+ 2+ 2ok, () i, )+ SR [K(-d(E-n), Lemiep-ro ©
with initial conditions 5
V. (0)= 2:[Vl(§)sin (a)n(f)d(f; Vi, (0) =0. (10)

We accept the initial conditions and the external load as random, representing the sum of
sinusoids with random amplitudes, denoting them V (&) and F(&,7) respectively. In this case,

the oscillations will be random, and equations (9) form a system of random integro-differential
equations

v, (0 +(2k1 +§w§j\7n, (0) + @2 -V, () + 0fd [ K(~d (£ )V, [%(5—77) +r]dn = F,(2); (10)
¢

V,(0) = 2[Vi(&)sin(,£)d; V], ©) =0. (12)

Characteristics of random variables - mathematical expectation, variance and covariance,
have the following form:



M (V(£,7))= iM (V. (2))sin(@,&) (13)

0

D(V(&,7))= Z D, (7)sin(@,&)sin(w,&); (14)
C(V(.r.¢ )= i C, (7,0)sin(@,&)sin(@&). (15)

To find the characteristics (13) - (15) of stochastic linear longitudinal oscillations of a
viscoelastic rope, it is necessary to obtain statistical estimates for the solution of a system of
random integro-differential equations (11). To do this, the relaxation kernel K(z) can be taken

in exponential form with a random component:
N
_ _ gz
K(z,ﬁ)zK(z,b)‘b_ﬂ:Z;cje , (16)
J=
where ¢; € R, f; —is apossible value of a positive random variable bj.

Denote the dependence of V (&,7) and V. (z) on the random vector b as V(&,7,b) and
\7n (7, 5) , respectively. By changing the variable

Uy (7.0) = [e "™, [%(5 —n)+ fjﬁ)dn (17)
13

the system of random integro-differential equations (11) is transformed into a system of random
differential equations of the form

ju— ~ — ~ — N — ~
A (r,b)+(2kl+iw§jvn (z,b) + &2 (1-V*V,(z,0) + @?d Y ce" u(z,0) =F (r). (18)
. » ! -
The initial conditions will look like
1
V (0,b) = 2[\71(§)sin(wn§)d§; V, (0,b) =0; u,(0,b) =0. (19)
0

The study of the system (18) - (19) is possible using the statistical numerical Monte Carlo
method [11-13].
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Litvinov V.N., Gracheva N.N., Rudenko N.B. (Don State Technical University,
Rostov-on-Don; Azov-Black Sea Engineering Academy, Zernograd, Russia). Probabilistic
estimates for solving grid equations on heterogeneous computing systems.

Solving problems of mathematical physics using implicit schemes is reduced to solving
systems of linear algebraic equations (SLAE) of high dimension (10° and more). Placing
all the necessary data in RAM and efficient software implementation of the developed
numerical methods are possible only with the use of modern high-performance computing
systems built on the basis of a heterogeneous architecture. Estimation of the solution
time for grid equations is of a probabilistic nature. This is due to the peculiarities of the
functioning of complex hardware and software complex in multi-threaded mode and data
caching algorithms.

The aim of the study is to determine the functional dependences of the calculation
time of the SLAE by the modified alternating-triangular iterative method (MATM) on the
dimension of fragments of a uniform three-dimensional computational grid. Research was
carried out for the most time-consuming stages of solving grid equations by the MPTM
method, including the solution of SLAEs with lower and upper triangular matrices [1].

The first experiment was carried out on the K-60 computing cluster of the Keldysh
Institute of Applied Mathematics. As a result, the dependence of the data transfer time
between the computing nodes of the cluster 7},,, on the number of transmitted elements N,
is determined

Tpn = 13.57 +6.03 - Ny - 1073, (1)

The coefficient of determination of the regression equation was 0.8.

In the second experiment, the calculation time for one fragment of the computational
grid was measured by the MATM method with a different number of parallel flows. The
number of streams varied from 1 to 32. For 32 streams, the statistical characteristics of the
experimental data were obtained: the minimum value is 4096 us, the maximum value is 4188
us, the average value is 4143.9 us, the 90th percentile is 4170 us, the variance is 696, 29 us?,
standard deviation is 26.39 us. According to experimental data, the least square deviation
was obtained when calculating one fragment by 32 parallel streams, equal to 26.39 us.

As a result of the third experiment, a regression equation was obtained, which makes it
possible to determine the calculation time by the MATM method on a graphics accelerator.

Tepu=a—b-Y —c-In(k) —d-In(Y), (2)

where £ is the ratio of the number of flows along the Oz axis to the number of flows along
the Oz axis, Y - number of grid nodes along the Oy axis. The coefficient of determination
was 0.86; a = 26;b = 0.0002; ¢ = 0.16;d = 0.77.

Among the results of the study is the following theorem.

Theorem 1. The calculation time for the step of solving a SLAFE with a lower triangular

N
matriz by the MATM is determined by the formula Tpatm = >, max(Ts), where s, N
=1

s=
are the step number and the number of steps of the parallel-pipeline computing process,
respectively; Ts - a vector containing the values of the time spent on computing fragments
of the computational grid by all calculators at step s .
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Random regular flows of classical strings

Malyshev V. A., Zamyatin A. A.

The Model Consider the set X, = X (IN.L) of infinite periodic sequences of point particle coordinates on
the real axis R
< T << <. . <IN <IN < oy (1)

where periodic means that zp+n = x + L for any k, some fixed real L > 0 and integer N > 0. Masses are
assumed to be 1.

Each particle collides with some external particle of small mass at random moments of time. Namely,
we suppose, that at the random moments 75 ;, where 7,1 < 72 < ...Tg ..., k—th particle collides with a
particle of mass m < 1 and velocity u. Let o;; = 74141 — 7% > 0 be independent exponentially distributed
random variables. After a collision the velocity of the particle changes, according to the laws of conservation of
momentum and energy, as follows:

_1-m

(1) = bu(me—) + (1 —b)u, b= T

We assume that between collisions the dynamics is deterministic and is defined by Newton’s equations
ir = w(Tpg1 — 22k + The1) + frs (2)

with external (driving) forces fr = f = const, and formal interaction potential energy

w? L
U= 5 Z(ﬂ?kﬂ — Tk — N)Q’ 3)

In periodic case initial conditions (and the dynamics itselth) are in fact finite dimensional - one can assume
that at time O there are exactly N point particles 0,1,..., N — 1 with velocities vy(0), ..., vx—1(0) coordinates
inside [0, L):

0:330(0) <.%‘1(0) < ... <$N_1(0) <$N(0):L, (4)

Let :z:,(CN) (t) be the position of k—th particle at time ¢. The defined random process (xéN) (1), $§N) (t), ..., z%v_)l (1))

is a piecewise-deterministic continuous time Markov process with trajectories continuous from the right.
Let w = woN. We shall assume, that ¢ = Fo;; — 0, such that 277" — «a > 0 for some constant « and
eN — 0.

Regularity conditions We call the dynamics regular (without collisions) if it cannot occur that x4 (t) =
x(t) for some k and ¢ > 0. In regular dynamics the order of particles is conserved. We shall say that periodic
initial conditions have “almost smooth profiles” if the following two conditions hold:
1) there exist smooth enough periodic functions X (z), V(x)) with period L, where X (z) > 0 for any z € R,
and
L L
/ X(u)du = I, / V(w)du = 0 (5)
0 0

2) for some constants C; > 0,C3 > 0

N N L kL Ci (N (N L__ kL Cs
[#32(0) =20 = FX (I < g B0 =470 - 5VF) < 3% (6)
uniformly in k.
Define constants Lo Lo
d*X a‘v

o =L [ G @ldne =L [ 15w (m

In some sense cq, co define fluctuations of the “profile”. We will need also the constant

_ 2co + Co L7t

7:7(X7‘/7a7w0701702a01762):(1+i)(201+01lz 1)+ @ 2= >0 (8)

8(4)0 40.)0



Let Qs\?)(cS) C R?M 0 < 6 < 1, be a set of “almost smooth” initial conditions x,iN)(O), x‘,(CN) (0),k=0,..,N —1,
with additional condition that v(X,V) < 6, and Qn(d) be the domain of RN = {(zy,...,2n_1)}, defined for

some 0 < d < 1 by the estimates
| L| - L6
Tl — Tk — —| < =—
TR NN

for all k.

Theorem 1 Let initially the system belong to Qg\?)(é) for some 0 < § < 1. Then with probability 1 it stays in
Qn(0) for allt > 0, that is
(V) (V) L _1Ld
g1 (1) — 2y () — N| < N

for all k,t.

It follows that with probability 1 particles conserve the initial order at any time ¢ > 0.

Convergence to regular continuum mechanics Let x,(cN) (t) be the position of k—th particle at time .
With each point © € R we associate the particle with number k(x, N) such that

(V)

o (0) <@ <) 1 (0)

x E(z,N)+1

Theorem 2 We have
1)For any T > 0 uniformly in t € [0,T] and in x € R there exists the limit almost surely

: (N) _
N—)léon,le—m Ty (t) =Y(tz) € R 9)
where function Y (t,x) satisfies the condition Y (t,x + L) =Y (t,x) + L for any x € R.
2) Moreover, Y (t,z) : R — R is differentiable in x and t and strictly increasing in x for each fized t. So it
18 a diffeomorphism of R for any t .

The function Y (¢,z) € R will be called the trajectory of the continuous media particle which is initially at
point = € R.

Conservation law, Euler equation and pressure For given N define the distribution function on [0, L)
1
F(N)(tay) = Nh{k € {07 ]-7 7N - 1} : W(.’Ek(t)) < y}vy € [OaL)

where m(x) = 2, mod L. One can prove that uniformly in y € [0, L) and in ¢ € [0, T}, for any T' < oo, we have
almost surely
lim  FMN(t,y) = F(t,y),y € [0, L),
N —00,e—0
where ¢ — 0, m — 0,N — oo, such that sz — a, eN — 0 and F(t,y) is twice differentiable in y and ¢.
Define the density of “the number of continuum media particles” as

plan) =y e o) (10)

As the particles do not collide, then one can unambiguously define the function wu(t,y) as the speed of the
(unique) particle situated at time ¢ at the point y.

Theorem 3 Denote wy = woL. For any t > 0, y € [0, L) we have :

P 4 2 ult, () =0 (1)
u u w2 LL)2
0 (ai; y) u(t,y)a étyvy) + au(t,y) o f — 1py(t7y) _ 1 i 1 — 7py(t>y) (12)

P (ty)  pty) dy p(t,y) p(t,y)
where p(t,y) is called pressure and is defined as follows:

wf

p(t,y)

pt,y) = — +C (13)

and C is a constant.



G. Martynov (IITP RAS) Cramér-von Mises test for parametric
dictribution family !

0. Introduction. Let X" = {X;, X5, ..., X,,} be the sample from the r.v.
with the distribution function F(x), x € R;. We will test the hypothesis
Hy: F(x) € G ={G(x,0), 6 € Ry}, where 0 is an unknown vector of
parameters. We will consider the Cramér-von Misles statistic

w2(0,) = nfw (Fn(x) = G(x,0,))?dG(x,6,) = nj (E,(t)—t)%dt,

A 0 0 N
where 0,, is the maximum likelihood estimator of 6, F,(x) and F,(¢)
are the empirical distribution functions, based on the samples X" and
T" =G(X",6,), correspondingly. Undelr some regularity conditions,

W2(6,) -4 wz(e(’):f £(1,0%dt, (1)

where &(t,00) is the Gaussian processowith zero mean and with some
covariance function K(¢,, 90). It follows that in the general case, the
distribution of the Cramér-von Mises statistic may depend on all un-
known parameters or on their part.

It is well known that the empirical process does not depend on
unknown parameter 0° for the family of the form (see [1, 4])

G={G((x—-61)/0;), —co<x< 00,0, >0}
Another class of the distribution family proposed in [6] is
R ={R((x/B)*), «>0, B>0,x €[0,00)}.

Both of these families are closely interconnected. Here we want to con-
sider the two cases when the distribution of the w?(0°) depends on the
parameters. One of the methods for calculating the asymptotic dis-
tributions of the statistics under consideration is also discussed.The
alternative method for testing such hypotheses is set out in [5].

1. Gamma distribution family. Asymptotic distribution of the
Cramér-von Mises statistic for the gamma distribution family
I'(x,x/60
G(x; 0,%) = % EH(g,K), —co<x<00,0>0, k>0,
depends on one unknown parameter x. This follows from the theorem
below.

le-mail: martynov@iitp.ru, magevl@gmail.com
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Figure 1. Asymptotic upper critical levels of the Cramér-von Mises statistic for gamma
distribution family

Theorem 1. The covariance function of the corresponding to the gamma
distribution family asymptotic empirical process can be represented as fol-
low

K(t,7; k) =min(t,7) —tt— C(x) (e “u*"W(v, k) + « W(1u, k) W (v, k)

+e_vVKW(ul K) - e—(u+v)(uv)x1’bl(K)) |u:H*1(t,K), v=H"1(1,x)’

Clx) = 1K/(T(K)2(K¢'(K) -1))

W(z,x)= 2—2 2By (e, kb {1+ 1,1 +x};—2) + (T (x,2) - T(x)) (Inz — (x)),
K

2F>(+) is a generalized hypergeometric function, I'(k, z) is the upper in-
complete gamma function, P(z) is the digamma function.

A detailed five-digit table was calculated, on the basis of which
table 1 was drawn. The independence of the distribution of statistics
in question in this section of x was briefly noted in [7].)

2. Family of exponentiated distribution function. The exponen-
tiated exponential distribution F(x;t,«) = (1 — e"/t)", x>0, t>0 was
introduced by [3]. This definition can be generalized to the form ex-
ponentiated distribution function

F(x;t,x) = G"(%), >0,t>0,

where G(:) is a continuous distribution function. The asymptotic dis-
tribution of the Cramér-von Mises statistic for such a family depends
generally on two parameters.

3. Approximation of the integral of a squared Gaussian process.
Here we present an effective method of calculating the distributions
of integrals from squared Gaussian processes [2]. The integral in (1)
will be approximated by the sum as follows

1 m
2= 2(t)dt ~ 2(t;),
o Ls() ;é()



where £(t) is the Gaussian process with zero mean and a covariance
function K(t, 7). Here, we are interested in the Darboux sums, when
a; = 1/m. We will use in the sequence the following notation:

A(t,t) = 2K*(t,7), tj=71;=(i—1/2)/m,
. y k+1 A Zk’l y ak+l A
AT =l g A A0 =im G

Theorem 2. Let there exist all derivatives up to forth order from the
function A(t,t) on {0 < t,7 < 1,t # 7} and the derivatives are uniformly
bounded on this square without the diagonal. Then the variance De,, can
be represented asymptotically in the form

1
De,, = % ; o(%), ¢y = 11—2 O (/_ll'o(t)—Al’O(t))dt.

This approximation was applied to the calculation of the above
table. First, the eigenvalues A;, i = 1,...,m of the matrix (K(tl-,]-, i,je
(1,...m)) are calculated. Then these values are substituted in the Smirnov
formula to calculate the distributions of quadratic forms from normal
r.v. If you use the eigenvalues of the covariation function K(t, 7), then
the correction of the quadratic form will be required and the Smirnov
formula can not be used.

(t, 7).
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Nikitina A.V. (Don State Technical University, Rostov-on-Don), Dolgov V. V. (Don
State Technical University, Rostov-on-Don) Research of the allelopathic interaction of
hydrobionts based on a stochastic approach

Currently, we can distinguish two main directions in the development of mathematical
modeling, where quite constructive methods are proposed to compensate for a priori
uncertainty arising from the non-stationary and stochastic nature of ecological systems.
The first direction is a methodology for solving identification and verification problems as
a sequential process of determining and refining numerical values of model coefficients. The
second direction is related to the development of a strategy for finding the hidden patterns
of the system under study and integrating them into the model. The aim of the study was to
develop and numerically implement a mathematical model of biological kinetics that takes
into account the movement of water flow, microturbulent diffusion, spatial distribution of
nutrients, salinity, temperature, oxygen regime, complex bottom and coastline geometry. The
model is designed to study the mechanism of external hormonal regulation of phytoplankton
as well as allelopathic interaction of the Azov Sea hydrobionts, including the most common
summer plankton species. Let us consider phytogenic factors: algae, being a part of various
communities, experience a diverse influence of neighboring species and themselves have an
impact on them. Relationships can be both direct (competition, symbiosis, epiphytism), and
indirect - through microorganisms and animals, as well as through allelopathy. Allelopathy
is understood as the effect of some autotrophic organisms on others through alteration of
the environment by the release of their metabolites into it [1]. Algal metabolites include
products of nitrogen and carbohydrate metabolism, highly specialized substances such as
vitamins, growth agents, antibiotics, etc., which sometimes have high biological activity [2].
Such substances can act both as inhibitors and as stimulants. According to studies, the
change of species in the community occurs as follows: when some species proliferate in the
pond, they release enough inhibitors to suppress the development of other species of algae,
which gradually die except for the individual more resistant representatives of each species.
When the dominant algae disappears, probably as a result of autotoxins, its antibiotic effect
ceases, and resistant representatives of other species begin to multiply rapidly [3]. Any
hydrobiological environment is a large, complex, weakly deterministic and evolving object
of study [4-6]. The theory of self-organization of models shows that the vast majority of
processes in nature can be described, in particular, in the form of high-degree polynomials,
which are a special case of the generalized Kolmogorov-Gabor polynomial:

n n n n n n
Y = ag + E a;x; + E E a;G;T;T; + g E E ;AT T Th.
i=1

i=1 j=1 i=1 j=1k=1

The number of terms of the complete polynomial is C}, +¢ Where m is the number of variables
and q is the degree of the polynomial. Therefore, the main task of modeling complex systems
using regression equations is to exclude a subset of "superfluous"uninformative coefficients
in the polynomial and to preserve the combination of "explanatory terms"|7]. The difference
scheme for the homogeneous equations presented in the mathematical model of biological
kinetics of a shallow water body (using the example of the Azov Sea) will be written in the
form:

Cn—i—l o Cn
- + A,C"+ A, C" + AC"T =0, (1)
-

where C' — impurity concentration; 7 — time increment; n — time layer number; ¢ — layout
weight, ¢ € [0,1]; Az, Ay, A, — discrete analogs of transfer operators along coordinate

directions Oz, Oy, Oz:

Cit1 —C; Ci—Ci_1 Cit1 —C; Ci —Ciq .
(A20); = iy —gp— F Uiy =g iy = e Ty g 0 SIS,

*This work was supported by the RSF (project 21-71-20050)



where i — discretization index, h, — step of spatial variable; N —number of steps, u — diffusion
coefficient; u — water flow velocity. Discrete operators A,, A, are written in the same way.
When using a difference scheme of the form (1), the problem of biological kinetics is
solved by direct methods, and in the case of regions for which the linear size in one direction
is significantly smaller than in the remaining ones, the time step can be taken much larger,
which makes it possible to speed up the prediction of changes in impurity concentrations.

—1
2 2
Theorem. When the condition 7 < <max (h—’l; + h_l;>) is met, then the difference
z Y
scheme is conditionally stable, and we have the estimate HC”“ H < HC’OH.
During statistical processing of field data for the numerical implementation of the
mathematical model of biological kinetics, coefficients of asymmetry, kurtosis, variance,
standard deviation, and coefficient of variation were calculated.
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On the probabilistic representation of the resolvent of the
two-dimensional Laplacian

Nikolaev Artem PDMI RAS, Russia, E-mail: nikolaiev.96@bk.ru
KEY WORDSs: Stochastic processes, local time, two-dimensional Wiener process.

MATHEMATICAL SUBJECT CLASSIFICATION: 60J55 Local time and additive functionals. ..

Abstract:
Let w(r) = (wi(7),wa(7)), 7 = 0, w(0) = (0,0) be a two-dimensional Wiener process. Consider a family of
random linear operators

() = / 7 f(x — w(r)) dr, (1)
0

defined on the functions f(z) € Lo NC(R?) for all t > 0 and A € C, Re A < 0.

Such an operator family arises in the construction of a probabilistic representation of the resolvent of the two-
dimensional Laplacian.

Namely, the following relation holds

(382D @) = [ B - w(r) dr = () Jin B4 () @)
0

for all functions f(z) € Lo, N C(R?).

Note that the operator A% cannot be extended to an integral operator on the entire space Lo (R?). In particular,
from a probabilistic point of view, this means that the process w(7) does not have local time at an arbitrary point
x € R? by time t > 0.

We will construct a family of random integral operators R defined on the entire space Lo(R?) and satisfying the
relation

(~5 A =AD" f(x) = (L2) Jim B[RS f(2) 3)

forall A € C, Re X < 0.

It will be shown that the kernels r)(¢,-) of the corresponding operators belong with probability 1 to the Sobolev
class W§(R?), 0 < a < 1/2. Also, for the function ry(¢,-), an explicit formula will be obtained in the form of a
trajectory functional of the two-dimensional Wiener process w(7).
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SOME RESULTS ON SIGNED INTERPOLATING DEFLATORS

IGOR PAVLOV, ANZHELIKA DANEKYANTS, NATALIA NEUMERZHITSKAIA, INNA
TSVETKOVA, ROSTOV-ON-DON, DSTU

Currently, the development of the theory of Haar interpolations of financial
markets with the use of martingale measures continues. The existence of martin-
gale measures of discounted stock prices means that this kind of interpolation can
only be used in complete markets. However, real financial markets often contain
elements of arbitrage opportunities. Therefore, it is important to develop tech-
niques for interpolating processes that do not admit martingale measures. This
work is just devoted to this problem. Here, signed deflators serve as the main
interpolation tool. With their help, the Haar interpolation procedure is defined.
In the case of the existence of martingale measures, this procedure leads to the
process interpolation, which coincides with the martingale interpolation. The pa-
per introduces the concept of an admissible deflator, defines (as when martingale
measures exist) the universal Haar uniqueness property and its weakened variants.
The main results of the work are related to the so-called special Haar uniqueness
property, which leads to the uniqueness of the admissible deflator.

Consider a stochastic basis (€2, F = (F;)f_, P), where Q be a set, F = (Fi)
be a strictly increasing filtration, Fy = {Q,0}, K < oo, any Fr, (0 < k < K +1)
be finite, and P be a probability on Fx (if K = oo, then Fx = F is the least
o-algebra containing all Fj, 0 < k < 00). We assume that the probability measure
P loads all non-empty subsets from Fj, 0 < k < K + 1.

Let Z = (Zk,}'k)szo be an adabted process that can take any real values. A
martingale D = (Dy, Fy, P)kKZO is said a signed deflator of the process Z if Dy=1
and the process DZ = (DyZy, Fr, P)kK:0 is a martingale.

We use in the sequel the following system of notations. Let A be an atom in
Fi, Bi (1 =1,2,...,m) be atoms in Fy1,

A=B1+By+ -+ Bpy,a:= Zi|a,bi = Ziy1|B,,pi = P(B;),d; == Dyy1]|B,-

Generally splitting index m of atom A and numbers a, b;, p;, d; depend on A.
A signed deflator D of the process Z is said admissible if V0 < k < K + 1, for
all atom A € Fj and for all non-empty subset I C {1,2,...,m}

Zpidi # 0.

iel
We will also consider on (2, Fx) Haar filtrations (HF)
H = (Hn)j—o» Hn C Fi, (0.1)

where Ho = {Q,0} and each o-algebra H,, is generated by a partition of the
set {1 into exactly n + 1 atoms Hg, H{',..., H?. A Haar filtration is said special
1
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Haar filtration if at every moment n > 1 only those two atoms of Hy, HT, ..., H?
can be divided that were obtained by division at the previous moment n — 1.
Haar filtration (H,)L_, from (0.1) is said interpolating Haar filtration (IHF) of
(]—'k)fzo if there exists an increasing sequence of integers ng,0 < k < K + 1, such
that H,, = Fi (and hence Hy = Fk). Special interpolating Haar filtration
(SIHF) is defined analogically.

Let us fix an THF (H,,)L_, of (Fx)E , and let D = (Dk,]-'k,P),If:O be a signed
admissible deflator of the process Z = (Zk,}"k),i{:o. Denoting X,,, := DyZ; and
Yy, := Dg, we obtain martingales (X, , Hn,, P)E_, and (Yo, Hn., P)E_,. Then
we can define two martingales X = (X, Hn, P)L_, and Y = (Y,,, H,, P)L_, in
the following obvious way: for any n < L + 1 find ny > n and put

It is clear that such definitions are correct.
The process Z"* = (Zi" H,)E_, defined by the formula

. Zy, if n=n; (0<k<K+1),
Z =4 X, 0.3
Y,
will be called H-interpolation of the process Z with the help of the deflator D.

It is clear that the process Y = (Yn,HmP),I;ZO is a signed admissible deflator
of the process Z" = (Zint H,)E_.

Let the process Z = (Z, (Fr)E_,) admit a martingale measure @, equivalent to
the physical measure P, i.e. the process (Zy, F, Q)i;o be a martingale. Denote

d
h = % and Dy, := ET[h|F;]. It is clear that the process D = (Dy, F)K  is a

strictly positive deflator of the process Z. Hence for alln < n, Y,, = EF[Y,,, [H,] =
) X
EF[Dg|H,) > 0 and Zint = 7" Applying the generalized Bayes formula, it is

easy to see that the process (Z" H,,Q)L_, is a martingale. From this fact it
follows that H-interpolation of the process Z with the help of deflator D coincides
with the Haar interpolation of Z with respect to the martingale measure @ (c.f.
[1], [2]).

We say that a signed admissible deflator D = (D, Fy, P)kK:0 satisfies the Haar
uniqueness property (HUP) if there exists a Haar interpolation H = (H,)%_, of
the initial filtration F' such that the process (0.3) admits only one deflator, namely
the deflator Y = (Y,,, Hn, P)L_,, defined by (0.2).

We say that a signed deflator D = (Dy, Fy, P)kK:o satisfies the universal Haar
uniqueness property — UHUP (resp., the special Haar uniqueness property —
SHUP) if for every interpolating (resp., special interpolating) Haar filtration H =
(Hn)L_, of the initial filtration F the process (0.3) admits only one deflator,
namely the deflator Y = (Y;,, H,,, P)L_,, defined by (0.2).

Theorem 1. LetVk:0 < k < K+ 1 and for all atom A € Fj, we have m > 3.
If there exists an admissible signed deflator D satisfying SHUP, then the numbers
a,by, ..., by are different.
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Theorem 2. Let Vk : 0 < k < K + 1 and for all atom A € Fi we have m > 4

and the numbers a,by, ..., b, be different. Then there exists an admissible signed
deflater D satisfying SHUP.

The problem of the existence of admissible deflators satisfying UHUP will be

considered too.

10.

11.
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Development of a model with random priorities

1.V. Pavlov, N.V. Neumerzhitskaia, S.1. Uglich, T.A. Volosatova

Russia, 344000, Rostov-on-Don, 1 Gagarin square, DSTU

The main result of this paper is the proof of the strict concavity of some function of integral
form depending on n random variables, which we call priorities. This function is an objective function
in the so-called model with priorities, in which the arbiter, following expert opinions, distributes funds
among the enterprises and institutions under his jurisdiction. This result implies an important corollary
about the existence and uniqueness of a local maximum point (which is also a global maximum point)
of the objective function. This is a significant generalization of the corresponding result [1]. Earlier,
the theorem on the existence and the uniqueness of a local maximum point (which is simultaneously a
global maximum point) of the objective function was proved in paper [2], where the independence of
n priorities under consideration was assumed. In this paper, on a general probabilistic model with the
use of convexity arguments, an existence and uniqueness theorem is obtained under weaker (in
comparison with [1]) conditions on three considered priorities.

Let (Q, F, P) be a probability space. Consider the function

D (Uy, Uy, vy Uy) = E(uflugz ...uff“),ul >0,u, =20,..,u, =0,

where E is the expectation with respect to the probability P; a4, a5, ..., a, are random variables taking
values with probability one on the segment [0,1]; u, = —ciuy — Uy — = — —Cp_qUn_q + Cp,

where ¢y, ¢y, ..., ¢, are strictly positive parameters. We assume equal to 0 the value of uf“' if u; =0,
i =1,2,..,n. Thus, we get a function of n — 1 variables

_ F(ul,uz,_...,un_l): = @ (U, Uy, oy Upy_q1, —CiU; — CoUy — *+* — Cp_qUp_1 + Cp)
defined on the domain

u; =0

u, =0
lun_l >0

CiUuqg + CouUy + -+ + CqUp—q < Cp,

The interior of D is denoted by D°.

Function F is continuous on D, infinitely differentiable and strictly positive on D° and equal
to 0 on D\DP. In this work we find the conditions on the priorities ay, @, ..., a,, under which the
function F is strictly concave, and study some consequences of this fact.

Theorem 1. If P-almost surely (a.s.)

a;=20({=12,..,n), Q)



Yisksnarg <1, i=12,..,n, )
k+#i

then the function F is concave on DP. If the inequalities (1) and (2) are strict, then the function F is
strictly concave on D°.

It follows from Theorem 1 the impotent result on the uniqueness of maximal point of the
objective function F.

Theorem 2. If P-a.s. the conditions (1) and (2) in the strict forms are satisfied, then the
function F has exactly one local (and simultaneously global) maximum point on D°.

Remark. Let 2 =[0,1], F be the o-field of Borel subsets on [0,1], d P = d x be the

Lebesgue measure on (Q, F ) In [1, Proposition 5], within the framework of this model for n = 3,
the following result was obtained: if a.e. on [0,1] 0< ¢, < %,O <a, < %,O <a, < % , any stationary

point (u,,u,) € D° of function F(u,,u,) is a point of local maximum. It can be shown that this point

is unique and is also a global maximum point. In our general case we obtain all this automatically
(these conditions entail the fulfillment of the conditions (1) and (2)). But the conditions of the
Theorem 2 themselves are much less restrictive.
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Pchelintsev E. A., Perelevskiy S.S. (Tomsk State university, Tomsk, Russia) —
On estimation for the trend coefficient of a diffusion process by discrete time
observations. Let on the probability space (€2, F,P) be defined the following stochastic
differential equation : dy; = S(y:)dt + o(ys)dw,, 0 < t < T, where (wy);>0 is a scalar
standard Wiener process, the initial value yq is a given constant, o(-) is an unknown diffusion
coefficient and S(-) is an unknown function from special functional class ¥ introduced in
[1]. The problem is to estimate the function S(x), = € [a, b], from discrete time observations
(yt; Jo<j<n, t; = jo, with the frequency § = o7 € (0, 1) and the sample size N = N(T') — oo
(as T — o) are some functions of T'. The diffusion coefficient o is a nuisance parameter.

Using the sequential analysis method, in [1] for estimating the function S the authors have
been proposed an asymptotically efficient model selection procedure S based on weighted
LSE. In this paper was proposed a model selection procedure S* based on improved estima-
tes, which outperforms in mean square accuracy the estimate from [1], i.e.

Theorem. The model selection procedure S* is improved in compare with the procedure S

in the following sense R
sup(Eg||S* — S||* —Es||S — S||*) <0,
SeX

where || - || is the norm in Ls]a, b].
For improvement of the precise we use the special shrinkage estimates from |2, 3]. Sharp
non-asymptotic oracle inequality for a quadratic risk of the proposed estimate was obtained.
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Rahimbaeva E. O. (Don State Technical University, Rostov-on-Don), Atayan A. M.
(Don State Technical University, Rostov-on-Don) Processing of noisy images and data
based on recursive filtering

Relatively recently, one of the main sources of data for the analysis and forecast of
coastal and marine systems were the results of measurements of salinity, temperature,
current velocities, etc. This application involves the use of large-scale expeditions using
a research fleet. In parallel with this, the development of satellite constellations, unmanned
aerial vehicles, in the last thirty years, remote sensing methods have been actively used. The
advantage of such methods can be considered a wide coverage of the object of study, the
ability to measure the parameters of the aquatic environment: the rise in the temperature
level of the near-surface layer, the distribution of salts in it for vast water areas almost
simultaneously. Therefore, there is a possibility of joint use of remote sensing data, including
satellite and mathematical modeling of hydrophysical and hydrobiological processes in
coastal systems.

The main objective of this work is to equip systems that simulate the change in processes
that are analyzed and predicted with real input data, which will allow you to correctly set
initial-boundary problems, which are systems of nonlinear equations with partial derivatives,
as well as determine the coefficients of these equations and other functional dependencies,
included in the constructed mathematical models [1]. The problem of obtaining the necessary
data on-line can be solved by using satellite data from remote sensing of the Earth.

Earth remote sensing data allow not only to equip mathematical models with
the necessary information (boundary, initial conditions, information about source functions),
but also to assimilate the information received from the satellite by the constructed models in
order to increase the accuracy and increase the reliability of predictive modeling. At the same
time, it becomes necessary to develop and implement high-tech methods for assimilation and
filtering of observational data for the studied aquatic ecosystem using satellite data used in
the development and verification of mathematical models.

Image processing algorithm. Based on the constructed mathematical model
of biogeochemical cycles, an algorithm for processing input data was developed. The input
data are satellite images of the coastal systems of the South of Russia. On the basis of the
algorithm | a software package was developed that is designed to highlight the boundaries of
the object under consideration, taking into account interference and noise in the image (the
influence of weather conditions at different times of the year) [2]. The developed software
package is written in the Python programming language in the PyCharm development
environment, .

When working with images of the Sea of Azov, to build a grid and highlight boundaries,
there was a problem of digital image processing, which is influenced by factors such as:
environment; use of real equipment; interference and noise that appear during data
transmission.

These factors degrade the quality of the resulting image, which leads to a loss of resolution
and a decrease in the signal-to-noise ratio.

To solve problems in the field of image processing, it is required to apply special methods
and algorithms, as well as repeated testing involving a wide database of different images to
improve their visual perception and increase information content for vision systems.

There are various branches of digital imaging such as: linear image processing; non-
linear image processing; recursive implementation of linear and non-linear image processing
algorithms.

For further work, it was decided to use recursive filtering, since it is one of the most
promising and widely used in the tasks of reducing computational costs in image processing.

Recursive filtering is based on the recursive relationship between the input and output
variables of the system. For one-dimensional signals, a similar recurrence relation has the
following form:

*The study was carried out with the financial support of the Council for Grants of the President of
Russian Federation within the framework of scientific project No.MD-3624.2021.1.1.
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r(m) =Y _a(i)f(n—j+1) =Y blk)r(m—k+1), (1)
j—1 k—2

J

where f(n) — readings of the input sequence, n = 1,2,..., N; r(m) — readings of the output
sequence, m = 1,2, ..., N; a(7),b(k) — weight multipliers.

The key point here is that the m—th element of the output sequence depends not only on
the last and j — 1 penultimate elements of the input sequence, but also on K — 1 previous
elements of the output sequence [3].

There are various methods for recursive image processing, for example: interval
integration; interval differentiation; quasioptimal filtering of small-sized objects from noise;
trapezoidal impulse response; two-stage recursive — separable digital filter.

Since in our work there is a problem of processing noise in the image when transmitting
images from a satellite, one of the most popular methods of digital image processing is the
Kalman filter, which is one of the varieties of recursive filtering. This means that only the
result of the previous iteration of the filter (in the form of an estimate of the state of the
system and an estimate of the error in determining this state) and current observations are
needed to calculate the current state of the system. This filter estimates the state vector of
a dynamic system using a number of incomplete and noisy measurements.

The filter operation is divided into two stages: extrapolation — prediction of system
values; adjusting system values.

When using the Kalman filter in our software package, a number of important tasks can
be solved. For example, to track the dynamics of plankton populations in the coastal part
of southern Russia, specifically the Taganrog Bay and the Sea of Azov.

Findings. The search for the best solution (taking into account the uncertainty of the
input data and model parameters) can be carried out on the basis of a scenario approach.
In addition, when forming a set of prognostic scenarios, this problem can be solved using
technology based on the use of direct and inverse modeling methods, which is based on
a combination of variational principles, decomposition, splitting and complexing methods.
At the same time, the use of effective methods for processing input data for mathematical
modeling of the state of aquatic ecosystems will, on the one hand, solve the problem of lack
of data, and, on the other hand, improve the accuracy of forecasting changes in the state of
the objects under study.
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Kac-Ornstein-Uhlenbeck processes
N. Ratanov
Chelyabinsk State University, Russia !

Let e = ¢(t) € {0,1}, t > 0, be a two-state continuous-time Markov chain switching with
alternating intensities A\g Ay > 0. Let (ag, a1), (70,71) be two pairs of real numbers.

A new class of piecewise deterministic processes is studied, which are defined by the
following integral equation

X(0) =+ [ (s) ~ X (9)) ds. (1)

We call the solution of this equation the Kac-Ornstein-Uhlenbeck process, since under the
standard Kac’s scaling, i.e., if 70,71, Ao, A1 = 00, ¥&/Xo,V3/A1 — 02, then the telegraph
process I'(t) = [¢ 7=(s)ds converges to the Brownian motion W = W, [3], and the process
X = X (t) converges to an Ornstein-Uhlenbeck process X satisfying the Langevin equation

() ::U+at—/0tX(s)dW8, 2)

(if additionally ag,a; — a). The trajectories of the process X = X (t) are formed by two
deterministic patterns

t
Go(t, x) = e (37 + ao/ ewsds) = po + (x — po)e ™,
0

t
¢i(t,x) = e <$ + a1/ evlsd3> =p1+ (x—pr)e ™,
0

Po = ao/Yo # p1 = a1/, t > 0, continuously switching from one to the other at random
times 7,, n > 1, 79 = 0.

If the parameters py and p; coincide, ag/vo = a1/71 =: p, then X = X(¢) reduces to the
geometric telegraph process:

X(t)=e"0 (af +p /0 t %<s)e”8>ds> = p+ (¢ = p)exp(=T(1)). (3)

The properties of such a process are well studied, see [3, 4, 7]. Note that in this case the
process X is time-homogeneous in the sense of (2.13), [6].with a rectifying diffeomorphism
®(x) = log |z — p|. In this case, the distribution of X () is determined by the distribution
of the telegraph process I'(t). In what follows, we assume py < p;.

1. Stationary distributions. Let vy, v; > 0.

Since after almost surely finite transition time the paths of X fall into (po, p1) and remain
inside this interval, the invariant measure /i is supported on [pg, p1]. Let ag = Xg/70, 1 =
>\1/’}/1, 0, 0xp > 0.

Theorem 1. The unique invariant probability measure for £ = (X(t), &(t)), t > 0,
has the form of a Beta distribution determined by the probability density functions T =

(mo(x), m(x)), po < < py,

At

EDYEDY (p1 — po) ' Blag, 1+ a;y) ™t - &z) 10 (o)™,

71'0([E)

!This research was supported the Russian Science Foundation (RSF), project number 22-21-00148,
https://rscf.ru/project/22-21-00148/



Ao -1 -1 —1+
— — B 1 . a0 al‘
o+ (p1 — po) (1+ ag, ) §o(2)*& ()

Here §o(x) = =L, &i(x) = 1= &o(x) = L=~ and B(ao, an) is the Euler beta-function.

In the attraction-repulsion case 7, - 71 < 0, the invariant distribution exists only if

m(z)

ap + a; < 0.

Theorem 2. If v > 0 > 1, then the invariant probability measure for the Kac-
Ornstein-Uhlenbeck process X is supported on the half-line x < py = ag/vo, and the
probability density functions my and my, are given by

(1) = 2
L W

(pl - pO)ilB<_a0 — aq, &0)71[_€0<x>]71+a0€1 (x)al]-{x<po}a

— Q17 _ — a —14+an
™ (z) = )\0;;1 (p1 = po) "' B(—ag — a1, a0) 7 [=€o ()] &1 () T L)

In the case vy < 0 < 71, the invariant measure is supported on the upper half-line x > py

and looks similarly.
2. Exponential functionals Consider the exponential functional of the form

00 T
Gya= /0 efr(t)ae(t)dt = Tlgrolo ; e’F(t)aE(t)dt, a.s. (4)
It is useful to note that the stationarity of Markov-modulated Ornstein-Uhlenbeck process
and the distribution of the corresponding exponential functional are closely related. This
problem has been studied in detail, see e.g. [1, 2]. It is interesting to note that this more
general setting can be transformed in the particular case of the Kac-Ornstein-Uhlenbeck
process driven by a pair of telegraph processes, see [5].
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On incentive pricing algorithms under
the lack of information about agent utilities

Rokhlin D.B.
Southern Federal University, Rostov-on-Don

We consider a leader, who prices a resource or good, and tries to change the behavior
of selfish agents in a desired way. Usually, leader’s aim is to stimulate a broadly understood
socially optimal behavior. In this case the desired price can be approximated by using dual
gradient-based algorithms, which require the information only about agent reactions. We
discuss two such cases: resource pricing in communication networks [1], and transfer pricing
within a corporation [2].

Let us consider the last case in more detail. Assume that a firm consists from n production
and m sales divisions. There are d commodities produced by each production division. The
same commodities are saled by each sales division. Denote by f; : X; — Ry, i=1,...,m the
revenue functions of the sales divisions, and by ¢; : Y; — Ry, i =1,...,n the cost functions
of the production divisions. A vector x; € X; describes the amounts of commodities to be
sold by i-th sales division, and y; € Y; describes the amounts of commodities to be produced
by i-th production division.

Assumption 1. The sets X;, Y; are convex, compact, and contain [0, ]%.

Assumption 2. The functions f; : X; — Ry (resp., g; : Y; — Ry) are Lipschitz, non-
decreasing in each argument, and f;(0) = ¢;(0) = 0.

Assumption 3. The functions f; (resp., g;) are strongly concave (resp., strongly convex).

The firm announces the commodity transfer price vector A\; € Ri with the obligation
to buy the commodities at these prices from the production divisions, and sell them to the
sales divisions. Put (a,b) = Zle a;b;. Optimal division (agent) reactions are defined by

Z;(\) € arg ma%l(fl(acl) (N xi)), i=1,...,m,

Ty

yi(A) € arg max (N, yi) — gi(vs)), i=1,...,n,
Y; €Y;

We will say that the plan zZ(A) = (z(\),y(A)) is stimulated by the transfer price vector A.
The goal of the firm manager is to stimulate the agent reactions coinciding with the optimal
solution z* = (z*,y*) of the total profit maximization problem:

,y) = i_zlfi(wi) - ;gi(yi) - max,,
(x,y)GZZxZ:ZyJ s Z:HX1XHY7
i=1 J=1 i=1 j=1

Applying the SOLO FTRL algorithm [3| to the dual problem, we get the recurrence
relation

S

Yo AZ(y) - o I
At = , A=0; AZN) =) (M- )> 7
N SEIEEONIE 2 2

The obtained algorithm uses only the information on division reactions to current prices. It
does not depend on any parameters and requires no information on the production and cost
functions (from the manager point of view). The next result shows that the optimality gap
and feasibility residuals are of order T-/* in the number T of iterations.

Research was supported by the Regional Mathematical Center of the Southern Federal University with
the Agreement Ne 075-02-2022-893 of the Ministry of Science and Higher Education of Russia.



Theorem 1 For the average transfer price vector Ay = % Zthl At we have

* MBY C Z(\ _C
F(z") = F(Zz(Ar)) < T4 [AZ(Ar)| < T1/4°

where the constant C' depends of f;, g;, X, Vi, i1 =1,...,d.

Similar results were obtained for a dynamic problem, where the functions f; g; depend
on a sequence of i.i.d. random variables.

The leader also can be selfish. Consider, for example, the product revenue management
problem with unknown demand. The main difference with the previous case is that the
leader objective function need not be convex, and its gradient is unknown. To overcome the
first difficulty we use price discretization and its probabilistic interpretation. Then we use
zero-order algorithms for price tuning.
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The talk consists from two parts. The first one deals with a short review
of the Smith’s regenerative idea [1] development. The notion of Decomposable
Semi-Regenerative Processes (DSRP), proposed in [2] (see also [3,4]) as its
generalization, is reminded. The review of some previous its applications, which
one can find in [3], is also given. In the second part of the talk some new
application the DSRP theory is proposed.

1. The model. Notations and Assumptions

Consider a homogeneous repairable double redundant system with
arbitrary distributed life and repair times of its components. For the reparable
system, at least two different disciplines of its repair are possible: the partial
and the full repair discipline. Denote by A;, B;, C; (i = 1,2,...) the life-,
partial and full repair times of the system units and a whole system after
their failures. Suppose that all these random variables (r.v.’s) are mutually
independent and identically distributed (i.i.d.). Thus, denote by A(t) =
P{A; < t}, B(t) = P{B; < t} and C(t) = P{C; < t} the corresponding
cumulative distribution functions (c.d.f.’s). Suppose that the instantaneous
failures and repairs are impossible A(0) = B(0) = C(0) = 0, and their mean
times are finite:

a=E[A] <oco, b=E[Bi]] <00, c¢=E[Ci] < o0.

Denote by E = {i = 0,1,2} the set of system states, where i stands for
the number of failed units, and introduce a random process J = {J(t), t > 0},
where

J(t) = {number of failed units at time ¢.}.

In the talk the reliability function R(t), time-dependent system state
probabilities (t.d.s.p.’s) m;(¢t) = P{J(t) = j]} (j = 0,1,2), and the steady
state probabilities (s.s.p.’s) m; = tlim m;i(t) (j =0,1,2), are studied.

—00
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2. The Modified Moment Generation Functions
The following notations will be used further.

e The moment generation functions (m.g.f.’s) of the r.v.’s are:

a(s) =E [efSA] = /efssz(:r), b(s) =E [6753] = /eiSde(a:),

e The modified moment generation functions (m.m.g.f.’s) are:
agp(s) :/ e *"B(z)dA(x), ba(s) :/ e *FA(z)dB(z). (1)
0 0
e Corresponding truncated expectations are:

ap = /OO zB(z)dA(x), ba= /OO xA(z)dB(z). (2)
0

0

e The probabilities P{B < A} and P{B > A} are associated with
m.m.g.f.’s as:

ag(0)=P{B<A}=p, ba(0)=P{B>A}=q=1—p.

e Note the property of transformations (1):

a1-p(s) =a(s) —an(s), bi_a(s)=0b(s) —ba(s). (3)

3. Main results

The Laplace Transform (LT) R(s) of the system reliability function R(t)
has been found in terms of m.g.f.’s and m.m.d.f.’s of the initial r.v.’s and
contains in the following theorem [5].

Theorem 1. The LT R(s) of the system reliability function R(t) does not
depend on the repair disciplines and has the form
5y — (L—a(s))(1 +a(s) —ag(s))

Rle) = SA—an(s) @)

From the theorem it follows that the mean system lifetime is R(0) = .

The LTs of the t.d.s.p.’s has been obtained in [6], for the system under
partial repair discipline and in [7] for the system under full repair discipline.
However, they have rather complex expressions, and will be represented in the
full talk, but are omitted here.

The appropriate s.s.p.’s for the system under partial repair discipline has
been found in [7] and are given in the following theorem

2
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Theorem 2. The s.s.p.’s for the system under partial repair discipline are:

b at+b 1
)

mo= 1- aptba’ T aptba

m=1- i ()

At least for the system under full repair discipline the following theorem
holds

Theorem 3. The s.s.p.’s for the system under full repair discipline are:

7Z_OZaq—‘,—aB—i—bA—b ﬂ_l:a—i—b—(alg—i—b,q) oy — cq ()
ata@td ata@re) Tt a@T o)
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On the stability in probability of solutions of certain
stochastic differential equations of the second order

Over the last five decades the theory of differential equations (SDE) has significantly
developed in the works of numerous authors. Many fundamental results concerning the stability
property of SDE were obtained in pioneering works of Kushner [1] and [2] Khasminskii by
Lyapunov-like functions method (see also surveys [3], [4]).

In the present talk we derive sufficient conditions of asymptotic stability in probability in
the large of equilibrium position of the second-order SDEs which are typical in the theory of
nonlinear dynamics.

Let us present one of the results.

Consider a stochastic generalized Rayleigh’s equation written as a two-dimensional system
of Ito’s SDEs

dx(t)=y(t)dt, dy(t)=[-f(y)-g(x)]dt+c(y)de, )
where the functions f, g and o satisfy the Lipschitz condition, and f (0)=g(0)=0(0)=0.
Theorem. Suppose that there exist numbers b >0 and &, such that

1) f(y)/y>bforally,
2) xg(x)>0 forall x=0,

3) J.g )ds — +oo for |x| — oo,
4) 0<G( )]y <os,and o5 <2b.

Then the trivial solution (x(t)zo, y(t)EO) of the system (1) is asymptotically stable in
probability in the large.

The proof of the above theorem is based on the use of Lyapunov-like method of auxiliary
functions developed for SDEs [1, 2].
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GENERALIZATION OF ONE RESULT OF V.V. SENATOV FOR THE DENSITY
FUNCTION OF THE NORMALIZED SUM

V.N. SOBOLEV, A. E. CONDRATENKO

The introduction of a parameter to improve estimates in the Central Limit Theorem was proposed by
H. Prawitz [1]. His result has been generalized by I1.G. Shevtsova [4].

V.V. Senatov in [2] has obtained two expansions for the density function of the normalized sum from
the Central Limit Theorem. In this expansions the last known moment of the initial distribution P is
included in the main part of the expansion with some parameter. This allows to obtain the best explicit
estimate of the remainder.

We generalize Senatov’s results in the following theorem, which uses new asymptotic expansions [3] in
the Central Limit Theorem as a basis. The proof of this result is based on the work [5].

Theorem. Let independent identically random variables &, &1, &o, ... with zero mean and unit variance
have symmetric around zero probability distribution P with the finite moment MEM™T2 of even order
m~+ 2 > 2, the real characteristic function f(t) for which there is some positive number v > 0 that the
function |f (t)|” is integrable on the whole real line. Then a the density function py, () of the normalized

sum (&1 + -+ &) n~1/2 for n > max {v,m}, all real x and 0 < X\ < 1 can be approximated as

m/2  m—4+4ds (N ~ 9
S @S,l 9m )‘ M£m+
pu(@) = 9(@) = 6@ _Cr > g Hie) = R 6@ H(@)| S omg = e B

s=1 l=4s
where (x) is the probability density function of the standardized normal distribution, By, 12 is the moment
of even order m + 2 of the standard normal distribution divided by /2w, Hy(z) = (—=1)*o®) (z) /¢ (x) is
the Chebyshev-Hermite polynomials of degree k and X\ = max {\; 1 — A},
k/2 . ,
[k/ ](_1)] MgkaJ 0(}\) (1 _ )\)

g — 3 L MY - LN e o Y g
‘ — T a2 m2 1 ) s, k1 ks
2741 (k- 2))! (m +2)! P

where the sum is over all partitions of the integer | = ki1 + ... + ks when k; >4, j=1,...,m —1.
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Probability characteristics of the networks of

the bistable Hodgkin-Huxley-type of models with noise
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Hodgkin-Huxley-type of models are used for mathematical modeling of the dynamics
of a single neuron [1]. These models demonstrate various types of oscillatory behavior,
including stable equilibrium (resting state), spike and bursting oscillations (oscillatory
activity). These models are described by ordinary nonlinear differential equations and
are characterized by various phenomena, including multistability, when several dynamic
modes coexist in the system [2]. The influence of noise on multistable systems is one of
the classical problems considered in the framework of the theory of nonlinear dynamical
systems [3].

In the frame of this work, we will consider the features of a network of Hodgkin-
Huxley-type of models with bistability in the presence of noise. As a base model, we

consider the modified Sherman model [4]:

TV = —goameo(V)(V = Vea) — gxn(V — Vi) — grapee(V = Vie) — gsS(V — V),

Th = 0(ne (V) — n),

798 = Sao(V) = S.

(1)

Here, the dynamic variable V' is the membrane potential, n is interpreted as the prob-
ability of opening potassium channels, and S is a slow variable in the system that can
describe the concentration of calcium ions in the cell. In general form we will use dy-
namical variable z = (V,n, 5).

The sigmoidal functions m.., Neo, and S, describe the opening probabilities of fast
and slow potassium channels:

w —

O

Woo (V) =1+ exp V]_l,w =m,n,S. (2)

The function p,, describes opening probability of pathological potassium channel, which



provide bistability in the model:

V-V, V- V.,
e (3)

Poo(V) = [exp

The conductivities of calcium and potassium ion channels correspond to the following
values: go, = 3.6, gx = 10.0 and gg» = 0.2. The Nernst potentials (threshold potentials
for ion channel activation) are fixed as follows: Vg, = 25 mV and Vi = 75 mV. Another
parameters fixed as: 7 = 0.02, 7¢ = 35, 0 = 0.93, V,,, = —20.0, 0,, = 12.0, V,, = —16.0,
0, = 5.6, Vs = —35.0, s = 10.0, V, = —47.0, §, = 1.0. Model (1) demonstrates the
bistability between the equilibrium state and the bursting attractor. For initial condition
x1 = (—49.084,0.027105,0.19648) stable equilibrium exists, for initial conditions z5 =
(—49,0.02,0.17) bursting attractor can be obtained.

Theorem. For any z € R® exists and unique solution of system (1) with initial
condition 1 or x. Stable equilibrium point x; is stable focus.

In [5] it is shown that when noise is added to the system, classical switching between
attractors is not observed; when a certain noise level is reached, the system from the
equilibrium state passes to the bursting attractor and then remains on it. This feature
is due to the fact that the attractor is distant from the equilibrium state in the direction
of the dynamic variable S.

Now we consider a network of similar oscillators whose dynamics was studied in [6]
with the addition of white noise. In this case it possible to find certain interval of coupling
strength when stable equilibrium point will dominate.

The work was supported by Russian Science Foundation (Project No. 20-71-10048).

References

[1] Izhikevich, E. M. (2007). Dynamical systems in neuroscience. MIT press.
[2] Malashchenko, T.; Shilnikov, A., Cymbalyuk, G. (2011). PLoS One, 6(7), e21782.

[3] Zakharova, A., Kurths, J., Vadivasova, T., Koseska, A. (2011). PloS one, 6(5),
€19696.

[4] Stankevich, N., Mosekilde, E. (2017). Chaos, 27(12), 123101.



[5] Stankevich, N., Mosekilde, E., Koseska, A. (2018). The European Physical Journal
Special Topics, 227(7), 747-756.

[6] Stankevich, N.; Koseska, A. (2020). Chaos, 30(1), 013144.



Sukhinov A.I., Protsenko S.V. (Rostov-on-Don, Russia). Building of turbulent
exchange model for coastal systems on the basis of expedition data statistical
analysis.

The frequency intervals of turbulent fluctuations and surface and internal waves overlap
to a large extent, so that in the frequency range common to turbulence and waves, in order
to assess the characteristics of turbulence as such (defined as a part of natural fluctuations
incoherent with waves, not only the above-mentioned mechanical and electrical noises, but
also fluctuations, must be filtered out from the recording of ADCP readings, created by
waves. It is possible to filter out fluctuations created by surface waves if synchronously with
complete natural fluctuations of the sea surface level (or pressure fluctuations at some depth).
The hydrophysical ADCP probe Workhorse Sentinel 600 was used to measure the three-
dimensional velocity vector of the water medium. The problems of decomposition of series of
empirical data obtained using ADCP into an evolutionary component and cyclic components
belong to the class of inverse problems of processing and interpretation of experimental
data. Correction is a special case of a more general decomposition problem, when a cyclic
component with a period of regular excitement is allocated. The remaining component is
called the adjusted series.

In inverse problems, the observed value is the initial series of instantaneous velocity
pulsations, i.e. the result of addition (multiplication, for multiplicative models) adjusted
series and cyclic component. In other words, the consequence is known — the result of
addition, and it is required to determine the causes — individual terms. For wave fluctuations
of the indicator, the same consequence can be caused by completely different, moreover, even
opposite reasons.

Waveform recording of sea surface deviations as a function of time makes it possible to
determine a number of statistical characteristics: mean, variance, standard deviation, etc.
One of the main statistical characteristics of the wave is the standard deviation of the sea
surface o,,, determined by the ratio

2 T 2
on =1 7, J, nodt,
where 7 is the deviation relative to the mean sea level in a short time interval, T7, is the full
length of the record. For a group of simple harmonic waves with amplitude a, the standard
deviation is equal to o, = 75 = %2 For a superposition of a large number of simple harmonic
waves with a random phase o, = %Zzo: I a?. The wave energy per unit area is equal to
E =% S ;a2 = gpoy. The study of waves ultimately boils down to the identification
of statistical patterns, which are numerically expressed by the dependencies between the
elements of waves and their determining factors.

Comment. Based on the processing of data obtained using the ADCP probe, it was
revealed that the characteristic length of a regular wave for the Azov Sea is 15-25 meters,
and the characteristic speed is 0.1 — 0.2 m/s, the maximum is 0.51 — 0.77 m/s. The data
obtained by modeling are consistent with the data provided by the Unified State System of
Information on the Situation in the World Ocean.
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LIMITING THEOREM FOR SPECTRA OF ADJACENCY AND
LAPLASE MATRICES OF RANDOM GRAPHS

A. TIKHOMIROV?

We consider not oriented simple graph (without loops and with simple edges)
V, E with vertices |V| = n and set of edges E such that edges e € F are independent
and have probability p. and weight w,.. Consider the adjacency n x n matrix

0, if (4,k) ¢ E,

A= [A], where A —
[Asn] , where Aj {1, if (j,k) € E.

Define degree of vertex i € V as d; := Zj:{m-}eE &ij. We shall assume that A;; for
1 <i < j < n are independent and EA;; = p;;j(n) =: pj;.

We introduce the diagonal matrix D = diag(ds,...,d,) and Laplace matrix of
not weited graph G, L = D — A. We shall assume that matrix A is symmetry, i.e.
Ajj = Aj;, and that r.v.’s A;; for 1 <4 < j < n are independent. We shall consider
as well weigthed graphs G = (V, E,w) with weight function w;; = w;; = Xj; for
1 <4 < j < n independent random variables s.t. EX;; = 0, EXZ-QJ» = 0. We
introduce the quanities

1 o .
=~ > pijoy, and Gy = Z i (1 = pi)-

i,j=1 1,j=1
The quantity a,, intereprete as expected mean degree of weighted graph G. With

graph G we consider the adjancy matrix A = [AUXU] and Laplase or Markov
matrix L = D — A where D = dlag(dl, e ,dn) and d = Z] oy A;i; X;;. We shall
denote by A1(B) > A2(B) > -+ > A, (B) ordered eigenvalues of symmetric n x n
. . 1 1
matrix B. We shall consider spectrum of matrix N A, a L, A= r(A EA)
and L = JIE?(L — EL). For bravity of notation we shall write )\j = )\J(A), /\j =
Aj(A), 1; = Aj(D), and fi;j = A;(D). Introduce corresponding empirical spectral
distributions

~ e~ ~ 1 e~ ~
Fo(w) = — I\ <}, Fula) = EZ]I{)V <z},
j=1 j=1

() = %Zn{ﬁj <}, Gu(z) = %Zn{ﬁj <)
=1 i=1

In the paper [1], 2006, was shown that under condition p;; = 1 and ij = 1 for any
1 <14,j <n that ESD G),(x) weakly convergence in probability to the nonrandom

Key words and phrases. Wigner law, random graph, normal law, Stieltjes transform
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2 A. TIKHOMIROV

distribution function G(x), which defined as free convolution of Gaussian distri-
bution function and semicircular distribution function.

In [3], 2010, authors considered the limit of Gy (z) for weighted Erdés — Renyi
graphs (p;; = pn) and equivariance weights (0;; = o). Assuming that p,, bounded
away from zero and one, and that random variables X;; have the fourth moment,
proved that G (z) weakly convergence to the same function G(z).

In [5], 2020, Yizhe Zhu consider the so calle graphon approach (the descrition
see below) to limiting spectral distribution of Wigner—type matrices. He discribe
the moments of limit spectral measure in term of graphon of profile of variance
matrix ¥ = (oj;) and number of trees with fixed number of vertices. Recently
Chatterjee and Hazra published the paper [2] in which developed the approach of
Zhu.

First we formulate some conditions which we shall use in the present paper.

e Condition CP(0): a,, — oo, as n — oo and
iy 13 Y 1] = O.and
nggaﬁ" |5;‘ Pijoi; | =0,an
i=1 7j=1
e Condition CX(1): For any 7 > 0

1 n
Ln(7) = — > Py EXSI{|Xi| > 7/an} — 0 as n — oo, (0.1)

n ..
1,J=1
The main result of the present paper is the following theorem.

Theorem 0.1. Let conditions CP(0), CX (1) hold. Then

e ESD’s F,(x) weakly convergence in probability to the semi-circular distri-
bution function,

lim F,(z) = F(z) and lim ﬁn(x) = F(x) in probability.

e ESD’s Gy(z) convergence in probability to the distribution function G(z),
which is additive free convolution of standard normal distribution function
and semi-circular distribution function,

lim Gy (z) = G(x) and lim Gy, () = G(z) in probability..
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Branching processes in non-favorable environment

V.A.Vatutin, E.E.Dyakonova
Steklov Mathematical Institute (Moscow)

Let 2 = {Z,, n=0,1,2,...} be a critical branching process evolving in a
random environment generated by a sequence {F,(s), s€[0,1],n=1,2,...}
of i.i.d. probability generating functions. Denote X; = log F/(1),i = 1,2, ... and
introduce a random walk

So =0, Sn:Xl—i——i-Xn,nZl

We impose the following restrictions on the characteristics of the process.
Assumption B1. The random variables X,,,n = 1,2, ... are independent
and identically distributed with

EX; =0, o?=DX; € (0,00).

Besides, the distribution of X is non-lattice.
Assumption B2. There is an € > 0 such that

F“(l) 2+e
E <1og+ /12> < 0.
(Fi(1))
Theorem 1 Let Assumptions B1-B2 be valid. If p(n),n =1,2,... is a sequence

of positive numbers such that p(n) — oo as n — oo and p(n) = o(y/n), then
there is a constant © € (0,00) such that

©p*(n)
n3/2

P(Z,>0;S, <pn))~ n — 0.

Theorem 1 compliments Theorem 1.1 in [1] where it was shown that there
is a constant C' € (0, 00) such that P (Z,, > 0) ~ Cy/n as n — oo.
References

[1] GEIGER, J., KERSTING, G. The survival probability of a critical branching
process in random environment. Theory Probab. Appl., 2001, 45:3, 517-525.
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We consider Markov chains (MC) defined by the transition probability (kernel) which is finitely
additive. Such Markov chains were constructed by S. Ramakrishnan [1] within the concepts and
symbolism of the game theory. We study such MCs using the operator approach. In our work,
the state space (phase space) of the MC has any cardinality, and the sigma-algebra is discrete.This
construction of the phase space allows us to decompose the Markov kernel (and the Markov operators
it generates) into the sum of two components - countably additive and purely finitely additive. Some
asymptotic regularities of such MCs were revealed. In our previous papers [2],[3] and [4] we also
study Markov sequences of finitely additive measures. However, they are generated by operators
with a countably additive kernel extended to the space of finitely additive measures.

1 Definitions, Notation and Some Constructions

Let X be an arbitrary infinite set and ¥ the sigma-algebra of its subsets. Let B(X, ) denote the
Banach space of bounded ¥ -measurable functions f : X — R with sup-norm.

We also consider Banach spaces of bounded measures i : ¥ — R, ba(X,Y) is the space of finitely
additive measures, ca(X,Y) is the space of countably additive measures, pfa(X,Y) is the space of
purely finitely additive measures.

The Yosida-Hewitt decomposition is known: Any finitely additive measure p can be uniquely
decomposed into the sum p = pieq + pipfa, Where pe, is countably additive and ¢, is a purely
finitely additive measure.

We denote the sets of non-negative measures: Vp, = {u € ba(X,X) : p(X) < 1}, Ve = {p €
ca(X, %) : p(X) < 1}, Vyga = {11 € pfa(X.5) : p(X) < 1}.

Measures from these sets will be called probabilistic if u(X) = 1.

We also denote by Spq, Seca, Spra the sets of all probability measures in Vie, Vea, Vpra, respectively.

Definition 1 The finitely additive Markov chains (MC) on a measurable space (X,X) are given by
their transition function (probability kernel) P(x, E),x € X, E € ¥, under the conditions:

1)0< P(z,FE)<1,Vx e X,VE € X;

2) P(- E) € B(X,%),VE € ¥;

3) P(x,-) € ba(X,%),Vz € X;

4) P(x,X)=1,Vx € X.

We emphasize that the transition function of the classical Markov chain is a countably additive
measure in the second argument.

*This research was funded by the Russian Foundation of Basic Research, project number 20-01-00575-a.



The transition function generates Markov linear integral operator:

A:ba(X, %) = ba(X, X)), (Au)(E) = Au(E) :)j(‘P(m,E),u(dx), Vu € ba(X,X),VE € X.

Let the initial measure be u' € Sy,. Then the iterative sequence of finitely additive probability
measures "t = Ap™ € Sy, n € N, is usually identified with the Markov chain. We will call {u"}
a Markov sequence of measures.

Definition 2 A topological space (X, 1) is called discrete if all its subsets are simultaneously open
and closed (clopen), that is, the topology T = 2% - the set of all subsets of the set X.

If a topological space is discrete, then, obviously, its Borel sigma-algebra % = 7 = 2X. Such a
sigma-algebra in X is also called discrete. We will denote it by .

Proposition 1 Let an arbitrary discrete space (X, %4) be given. Any Markov finitely additive kernel
P(x, E) on (X,Xq) is uniquely representable as the sum of a sub-Markov countably additive kernel
P.o(z, E) and a sub-Markov purely finitely additive kernel Pyrq(x, E), for allz € X and E € Xg4:

P(x,E) = Pey(x,E) + Ppro(z, E),
where Py (z,-) € ca(X,Xq), Ppfa(x,-) € pfa(X,Eq), and Py (-, E) € B(X,%4), Ppra(-, E) € B(X,Xq).

Proposition 1 makes it possible to introduce integral sub-Markov operators A., and Ayr, gen-
erated by the corresponding measurable subkernels and A = Ac, + Apfq-

Definition 3 We call a finitely additive MC on an arbitrary discrete space (X,%4) combined if
its transition functionsatisfies the conditions: Peq(x, X) = q1, Ppta(x, X) = g2 for all x € X, where
0<¢,2<1, g1 +q=1

2 Main results

Everywhere below we consider a combined non-degenerate finitely additive MC on an arbitrary
discrete space (X, ¥g).

Let there be given an arbitrary initial probability measure u! € Sy, p! = pl, + u; far

Take the second iteration in the Markov sequence of measures pu? = Au'. Then

1 = iy 4 150 = Ap' = (Aca + Apga) (1 + 1 sa)
= AC(I:U’tlza + Acauzlgfa + Apfa/lia + Apfa'u}l)fa‘ (1)

In the last four terms of the decomposition (1), the first is a countably additive measure, the third
and fourth are purely finitely additive measures.

The second term At o can be a measure of any type. Consider two corresponding main cases
- disjoint conditions (H7) and (Hs).

(Hl) Aca(vpfa) C Veas

that is, the operator A., transforms all purely finitely additive measures from Vs, into countably
additive measures. MCs satisfying this condition (H;) exist.

Theorem 1 Let condition (Hy) be satisfied for some MC. Then for any initial measure p' € Spq,

for anyn € N,

I = a2t = g



We now give the second condition (Hz) related to the decomposition in (1).
(H2) Aca(‘/;ofa) C V;ofaa

that is, the operator A., transforms all purely finitely additive measures from V), into purely
finitely additive measures. Such MC exist.

Theorem 2 Let condition (Hy) be satisfied for some MC. Then, for any initial finitely additive
measure it € Sy, for anyn € N

gt =g - lpeall,  Nepf Il =1 - llteall-

Corollary 1 Let the conditions of Theorem 2 be satisfied. Then for any finitely additive initial
measure it € Sy, for the components of the Markov sequence of measures generated by it "+ =
Au™ as n — oo,

[1eall = 0 and [ pypall — 1.

Moreover, the convergence is uniform with respect to the initial measures ' € Sy, and exponentially
fast.

It is desirable to find simple analogues of these conditions (H;) and (Hsz) in terms of the prop-
erties of the transition functions considered by the MC. We offer two such conditions.
(1) { There is a finite set D C X such that for all x € X :
1

P..(x,D) = P.(xz,X) = q1, which is equivalent to P (z, X \ D) = 0.

Theorem 3 Let condition (G1) be satisfied for some MC. Then 1) the condition (Hy) is satisfied,
2) the assertion of Theorem 1 is true.

Consider one more condition (G2) on the transition function of the MC. For an arbitrary y € X
we denote the set Q, = {z € X : Po(x, {y}) > 0}.

(G2)  For any y € X the set @y is empty or finite.

Theorem 4 Let condition (G2) be satisfied for some MC. Then 1) the condition (Hsz) is satisfied,
2) the assertion of Theorem 2 is true.
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In this work, we consider a model of a financial market which consists of a large
agent (“the market”) and a small agent (an individual investor), who invest money in
dividend paying stock. Stock prices are determined by the actions of the large agent,
and the small agent is a price-taker. The goal of the work is to find a strategy of the
large agent which does not allow a small agent to achieve long-term growth of wealth
greater than that of the large agent. The motivation for studying this problem arises
from the known empirical fact that it is not possible “to beat” the market in the long
run. If one assumes that this fact is true, it can be used to describe long-term behavior
of the market. A related model was considered by Kardaras [1], but his setting does not
lead to a single optimal strategy.

Let (2, F, (Ft)t>0, P) be a filtered probability space satisfying the usual assumptions
and the filtration having the property that any martingale has a continuous modification.

There are N assets in the market which pay dividends with intensities X}* per unit
of time, n = 1,..., N. The supply of each asset (the number of shares in circulation) is
normalized to 1. The dividends are paid in some perishable good and must be consumed
by the agents immediately; there is no possibility to store the good. The intensity
processes X;' are non-negative cadlag semimartingales satisfying some non-degeneracy
conditions.

There are two agents in the market, “large” and “small”, who have wealth processes
Wy and w;. They are interpreted as “the market agent” who holds the whole market
wealth, and an individual investor who has infinitesimal wealth (a rigor interpretation
can be given by considering a the model with the number of agents going to infinity).

The agents’ investment strategies are identified with processes A; = (A}, ..., A)) and
A = (A, ..., AY) with values in the N-simplex Ay = {z € RY : 2! + ...+ 2V =1}
These processes show in which proportions the agents divide their wealth for investment
in the assets. Both agents have the same consumption rate p > 0.

The model assumes that the wealth dynamics is defined by the equations

1 N

W ==Y X, (1)
pn:l
N Aw

dwy =y S (S + Xdt) — pwdt, (2)
n=1 t

where S} are the stock prices, which are defined by the relation
=AW, (3)

Equation (1) follows from that the dividends must be fully consumed and the total
market wealth is held by the large agent. Consequently, the strategy of this agent



determines the asset prices: we assume that the supply of each asset is 1, so the price is
equal to the amount of money invested in the asset, which gives equation (3). Equation
(2) is the standard self-financing condition.

Definition 1. We say that the small agent does not beat the market in the long run if

. wy
limsup — < 00 a.s.
t— 0 t

A strategy of the large agent is called market growth optimal if it cannot be beaten by
any strategy of the small agent.

The main result of the paper consists in construction of a market growth optimal
strategy.

Theorem 1. The strategy A, = (/A\%, e ,Kév) with the components

/A\? = eptE</oo pefpS#ds .7-})
¢ >oic1 Xi

1s market growth optimal.
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IIporpamMmmHas peaju3anus U CTAaTUCTHYECKAS] OLIEHKA IKBMBAJIEHTHOCTH MO/eJIeil
KJIACCH(PUKAIMH CUMBOJIOB JJATHHCKOI0 AJI()aBUTA HA OCHOBE MMITYJIbCHOIM U CBEPTOYHOM
HEHPOHHOM ceTH

Anvimosa E.B.
Poccuiickas mamoocennas axkademus (Pocmosckuii gpunuan), Pocmoe-na-/lomny, Poccus

3amaya pacrno3HaBaHMs 00pa3oB SBJSETCS OJHOM M3 OCHOBHBIX 3aJad B o0iactu
MHTEJUICKTYaJIbHOTO aHalM3a JaHHBIX. HeHpoHHBIE CceTH, NPEUMYIIECTBEHHO CBEPTOUYHEIE,
3 PEeKTUBHO pacmo3HAOT OOBEKTHl Ha TpaUUecKuX H300paKEHUAX, B TOM YHUCIE, €CIIM OHU
HEMHOT'0 HCKa)XeHBI [1].

Ceéprounsie Heliponnble cetn (CHC) o0mamaroT apXUTEKTypoOH, IO3BOJISIOIICH
MakcuMainbHO 3(ddexTuBHO pacno3HaBath o0pazel. B CHC uepenyrorcss cBEpPTOYHBIC
(convolutional) u cyoauckperusupytromiue (pooling) ciou, CTpyKTypa CeTH OJHOHANpPABICHHAS.
Hcnonp3yeTcst onepanusi CBEpTKH, TO €CTh YMHOXKEHHE KaKIOoro (pparmMeHTa M300pakeHHus Ha
AIpO CBEPTKU MODJIEMEHTHO C MOCIEAYIOIUM CyMMHPOBaHHEM pe3yjibTaTa M 3alHChi0 B
MOXO0XKYI0 TIO3HMIIMI0 BBIXOTHOTO H300paxenus. llpu stom obecrieumBaeTcs MHBApUAHTHOCTD
pacro3HaBaHHUsl OTHOCUTENIBHO CIIBUTa OOBEKTa, YTO BECbMa CYIIECTBEHHO IMPH HaJIUYUH
MCKa)KEHUS WITM TIOBOPOTOB PACIIO3HABAEMBIX TPAPHUECKUX IIEMEHTOB.

B wumnynbcubix Helponubix cerax (MMHC) HelipoHbl 0OMEHUBAIOTCS KOPOTKHUMHU
UMITYJIbCaMHU OJIMHAKOBOM aMIUTUTYABI. B HacTosiee BpeMsi 9TH CeTH HauOosee peaTucTUIHO
MOJICTUPYIOT akTUBHOCTh Mo3ra. UMHC uMeroT psa nmpeuMyiecTB B anmapaTHOW pealn3aluu.
[Tyyku MMITYJIBCOB, B KaKIAOM M3 KOTOPBIX COJCPXKHTCS OONBIIOE KOJIWYECTBO MH(OPMAIIHH,
pa3bpocaHbl BO BPEMEHH, YTO JAET BO3MOXKHOCTb 3HAUUTEIBHO CHU3HTH 3JIEKTPONOTpPEOICHUE.
ArnmapaTHas peau3aliy Takoil ceTu OyzaeT 0osee SKOHOMUYHA, TIOACTPanBasi CBOIO pabOTy MO
UMITYJIbCHYIO aKTUBHOCTD [2].

B pabore paccmarpuBaercs 3aiada pacrno3HaBaHus 62 CUMBOJIOB JJATHHCKOTO alipaBuTa.
B kauecTBe MCXOIHBIX JaHHBIX chopMupoBaHo 62 Habopa rpapuuecKkux u3o00paxxeHui 26 OykB
JaTUHCKOTO ajdaBuTa (B BepXHEM U HUkHeM peructpe) u 10 apabekux mudp. Kaxapiii Habop
conepxuT 983 nzobpaxenus pazmepoM 128x128 Touek. M300paxeHns cOCTaBlIeHbl HA OCHOBE
(OB, U3BIEUYEHHBIX U3 (HaliIoB IPUPTOB.

3anaya kiaccu(uKaluy CUMBOJIOB JJATUHCKOTO ajihaBUTa paccMaTpUBaeTCs B ClIeAYIOIIEeH
nocTaHoOBKe. 3a(hUKCHPOBAHO MHOXECTBO X rpaduyeckux M300paxeHnit 00beKTOB M KOHEUHOE
MHOXKECTBO Y METOK IesieBbIX KiaccoB. Ha oObekTax KOHEYHOH oOydarorieil BbiOOpku X™ =
{(x1,91), o, (X, )} cymectByer meneBast 3aBucuMocTh f*: X — Y. TpeOyercst MOCTPOUTH
anroput™ a:X — Y, OTHOCAUMHA NPOU3BOJILHBIA OOBEKT M3 X K HEKOTOPOMY Kiaccy H3
MHO’KECTBA Y COIJIaCHO YCTaHOBJIEHHOMW B Ipoluecce 00ydeHus 3aBucuMoctu. COCTaBIISIFOTCS J1Ba
BapHaHTa peajH3aliy aJTOPUTMA: KJIACCH(PHUKATOPhI HA OCHOBE WMITYJBCHOHW M CBEPTOYHOMN
HEHUPOHHOU CETH.

CHC peanmuszoBana Ha ocHoBe OubOmuoreku Tensorflow, comepxwur 9 crmoeB u 97278
TPEHUPYEMBIX IapaMeTpoB. B X0/1e MpakTHUECKOro SKCIEPUMEHTA CETh B CPETHEM PAClIO3HAET
npaBmwibHO 89 cuMBoJI0B 13 100, TO €CTh MMEET TOYHOCTh paciio3HaBaHus B cpeaHeM 89%.

3aMe4yeHo, 4TO B psJe CIIy4aeB CeTh OTHOCHT K OHIMOOYHOMY KJacCy CXOXHE IO
HauepTaHUIO CUMBOJIBL. B paboTe BBIZETIECHBI MHOXKECTBA CXOKHX CHMBOJIOB, B PAMKaxX KOTOPBIX
CHUMBOJI cUMTaeTcs npuHaaexammm ogqHomy kiacey: {i, I, j, 1}, {g, 9}, {c, C}, {p, P}, {o, 0, O}.

C BBenennbM 00bequHEeHHEM KitlaccoB CHC B cpenHeM pacriosnaeT 93 cumBoioB u3 100,
TO €CTh UMEET TOYHOCTh pacro3HaBaHus B cpeaHeM 93%.

NUMHC peanmzoBana ¢ mnomompto wuHcTpymMeHTa Nengo DL, mo3Bosstomiero
KOHBEPTHUPOBATh UCXOJHYIO CBEPTOUYHYIO CE€Th B MMITYJICHYIO ITyT€M 3aMEHbI THUIIa HEHPOHOB U
¢byuknuii aktuBanuu. C BBeneHHbIM o0beanHeHneM kiaccoB UMHC B cpeanem pacnosnaer 91
cuMBoJI0B 13 100, TO €cTh UMEET TOYHOCTh pacno3HaBaHus B cpeHeM 91%.



Teopema. Mopens kinaccuUKaMu CHMBOJIOB JIATHHCKOTO andaBUTa Ha OCHOBE
—— o 2 -
UMITYJIbCHOM HEMPOHHOM ceTH Mpu 3HaueHUsx y° = 2.4671, Pvaie = 0.07437 tecta Mak-Hemapa u
5% ypoBHE 3HAYMMOCTH COTJACYETCS C MOJENbIO KiacCH(UKALUH, MTOCTPOCHHOW Ha OCHOBE
CBEPTOYHOM HEUPOHHOU CETH.
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O JI0KaJIbHBIX BpeMeHaX

YCJIOBHBIX CJIyUaitHbIX OJIy2KJIaHMil
Adgpanacves B.U.

IIycts X1, X3, ... — He3aBUCUMBIE CITyYIaiiHbIe BEJIMIUHBI C OJIMHAKOBBIM apud-
METHYECKUM pacIIpejie/IeHneM ¢ MaKCHMaJbHbIM marom 1, mpuyem EX; = 0,
EX? :=0? € (0, +00).

Paccmorpum coyqaitnoe 6styxkganue Sy = 0, S; = Z;‘=1 X; upu i € N.
Iycrs € (k, n) o3ravaeT ancso nonanauuii 6ayxaanus {S,, n > 0} B cocrosHme
k € Z 3a MoMeHTHI BpeMmeHn 1,...,n, T.e.

E(kn)={ie{l,....n}: S =k}|.

Mycts {W (t), t > 0} — crangapTHOEe GPOYHOBCKOE JBUXKEHUE. BBeseM ciie-
JIYIOIIIE TBa MOMEHTA JTOCTHKEHHUsI cOCTOsHUs ) OpOyHOBCKUM ABUzKennem W:
OJIMH W3 HUX T{, IPEJIIECTBYET MOMEHTY 1, a JPYroil T( CJeJyeT 3a ITHM MO-
MEHTOM, T.€.

o =sup{t € [0,1] : W (t) =0}, 7g = inf {t > 1: W (t) = 0} .

Honozxum Ty = 7 — 4. Bpoynosckoti sxckypcueti Ha3BIBACTCS CITY Al HbIIH TPO-
nece, pasustit W (74 +t) upn ¢ € [0, TO+] u pasubit 0 nipn ¢ > T, O6osHaumm
sror upouecc {V (t),t > 0}. Bpoynosckasn u3suauna CTPOUTCS 110 GPOYHOBCKOI

aKrckypeun: npu t > 0
_ V(A =75)t)

ITycts 11 (u,t) — mokambHoe Bpemst mporecca {W™ (s), s € [0,¢]} na yposmue
u > 0, Te.

W (t)

t
1
+ — e +
) =tim? [ i (W5 (5)) ds.
0

. D
Iycrs T=min{i > 0: 5; <0} u cumBOI — 03HAYAET CXOAUMOCTH 110 PaCIpe-
nesternio B npocrpancrse D [0, +00) ¢ Tonosnorueii Ckopoxoa.

Teopema 1. IIpu n — oo

{W\/\ﬁ/w,u>0‘T>n}—D>{l+(u,1),U>0}~ (1)

IIpn m3y4YeHnn pasIMYHBIX MOJIEJEH MACCOBOrO OOCIYKHBAHHS, CTPAXOBa-
HUSl ¥ BETBAIIUXCS MPOIECCOB 0COOYIO POJIb UI'PAET OCTNAHOBAEHHOE CAYaHOe
oayorcdarue S; = S; upu it < T u S; =0upu i >T.



O6o3HauNM Z(k) YUCJI0 TONAJAHUN OJTy XK TaHs {E, 1> O} B COCTOSTHUE
keN, re. £ (k) = Hz >0:5; = k}‘ Bemrauna ¢ (k) HA3BIBACTCS A0KAALHDLM

8pemerem OCTAHOBIIEHHOTO CJIyIaitHOTO OJIyKIaHus Ha yposHe k.

Teopema 2. IIpu n — oo

{agﬂu0¢ﬁb

NG

,u>0

T>n}g{l+(u,+oo), u>0}.

CHOBa paccMOTpHM CTaHgapTHOe OpoyHOBCKoe japukenue {W (t), t > 0}.
HyCTb T — MOMEHT II€EPBOTO HJOCTHUZKEHHA COCTOAHUA T 6pOyHOBCKI/HVI JBU>KE-
auem W, 1.e. 7, = inf {¢ > 0: W (¢) = x}. Beegem cuenyiomue gBa MOMEHTaA

(1)

nocruzkeHust cocrosinust 0 6poyHoBcKuM JBmkenneM W. Onnu u3 Hux 7y Ipes-

()

miecTByeT MOMEHTY 71, a ,prFOﬁ To = CJHEAYET 3a STUM MOMEHTOM:

T(()l) =sup{t €[0,71] : W (¢t) =0}, 782) =inf{t > 7 : W (t) =0}.

2 1
TTomoxkum Tg = Té )—Té ) BpoyHoec%‘um NPBAHCKOM 6 6DLCOMY HA3BIBACTCA CJIy-

JaifiHbIi poriecc, paBublit W (T(()l) + t) upu t € [O, TJ } u paBHblil 0 mpu ¢ > TOT .
O603HAYNM TOT TPOIECC {VVOT t), t> 0} u o6osmadum 1) (1) ero jokambHOE
Bpemst Ha yposHe U € (0,+00), T.e.
+o0
I (u) = lim— / Twute] (WJ (s)) ds.

elo e
0

Ilonoxum T, = min {z eN: §Z- > x} mpu x > 0.

Teopema 3. IIpu n — oo

{o¥umm7u20

Tn<+oo}2>{zg(u), >0},



OnTuMu3anus CHCTEMbI MACCOBOT0 00CTY;KUBAHMS
¢ mepepbIBaMH HA OCHOBE CTOUMOCTHOIO0 KpPUTepHsi

Adanacnesn I'.A.

Poccus, Mockea. Spocrasckoe w., 0. 26, e-mail: AfanasievGA@mgsu.ru

PaccmarpuBaroTcss OJHOKAaHAIbHBIE CHUCTEMBI MacCOBOTO OOCIY>KMBaHHS, B KOTOPBIX
npubop B MOMEHTHI OCBOOOXKIEHMS CHCTEMbl OT TPeOOBaHUII Ha HEKOTOpbIE MPOMEXKYTKU
BPEMEHU CTAaHOBUTCS HEJOCTYITHBIM JUIsl 00CITYKMBaHUS TpeOOBaHUN. DT POMEKYTKH HA30BEM
niepepbiBamMu (B aHIJIOSI3BIYHOM JHuTeparype — “vacations”). V3ydyeHune Takux CHCTEM Havanioch
JaBHO (cM., HarpuMmep [1]), HO B MOCIEAHHE IOl MHTEPEC K HUM CYIIECTBEHHO BO3poc. CChUIKU
Ha HanboJiee BaXKHBIC Pe3yJIbTaThl MOKHO HAWTH B cTaThe [2]. [lepephiB B 00CTy)KUBAHUN MOKET
OBbITH CiIeCTBHEM MHOTUX (pakTopoB. Hanpumep, Biazgenern npudopa He jKelIaeT ero AIUTeIbHbIX
IPOCTOEB U KOTJa HET 3allpoCOB Ha OOCIIy>)KMBAaHUE C HEKOTOPOM BEPOSTHOCTBIO CIAET €ro B
apeHay Ha BpeMs 1. OTO NPUHOCHT 10X0J C;, KOTOPHI BO3MOKHO 3aBUCHUT OT 1) WK (DYHKIHH
pacnpenenenus 1, eciii 1) — ciaydaiiHas BenuuuHa. C 1pyroil cTopoHsl, caya npudopa B apeHIy
MOYKET NMPUBECTHU K YBEITMUYCHHIO YUCIIA O’KUIAIOIINX TPEOOBAHUH, UTO CBA3aHO C ONPEIEIICHHBIMU
yObiTkamu. Cumrtaem, 4To 3a MpeObIBaHUE B CHCTEME OJHOTO TPeOOBAaHUS B €AMHUILY BPEMEHU
BJajesnel BolriaunBaeT cymmy C,. Hama 3amada — HaliTu 3HaUeHHE BEPOSITHOCTHU CJIauu MpUdopa
B apEeHy & U JJIUTENbHOCTh NEPEPHIBA 1), KOTOPbIE MAKCUMU3UPYIOT CPEIHIO0 MPUOBLIb.

CnenaeM cienyromye NpeanoyiokeHus. Bxoasmmii notok TpeGoBaHHWM B CUCTEMY BHE
nepepbiBOB X — IyaCCOHOBCKHMH MpOLIECC MHTEHCUBHOCTU A, BpeMs OOCIy>KMBaHHS HMEET
IPOU3BOJIEHOE paclpeNielieHne CO CpelHuM D U BTOphIM MOMEHTOM b, < 00, TaKk 4YTO BHE
nepepsiBoB B cuMBoirke Kennamna mel umeeM cuctemy M|G|1|co. B MoMeHTHI, Kor/ia cuctema
0CBOOOKIaeTcs OT 00CIy)KUBaHUs TpeOOBaHUM, IPUOOP € BEPOSITHOCTHIO & YXOIUT Ha MEPEPHIB
(cmaercs B apeHIy), a C BEPOSITHOCThIO 1 — @ JKJIeT MOCTYIIEHUSI HOBOTO TPeOOBaHMS TTOTOKA X.

Ecnu nmocne okoH4yaHMs mepepbiBa B CUCTEME HET TpeOOBaHMM, TO ¢ BEPOATHOCTHIO &
HAUYMHAETCS HOBBIM MepephIB, a C BEPOATHOCTHhIO 1 — @ IpH ClenyroleM cKayke mporecca X
HauMHAaeTcsl 00CIyKHUBaHUE TPEOOBaHUSI.

Yucno TpeGoBaHMil B ccTeME B TEUEHUE MepephIBa OIpeiesieTcs PoLeccoM Y, KOTOPbIit
BoOOmIEe TOBOpPs, oTimuaercss oT X u Y(t) — uncno tpeGoBaHmii yepe3 Bpems t mocie Havana

nepepoiBa.



C‘-II/ITaeTC}I 3aJaHHBIMHA CJICIIYIOH_II/IC XapaKTepI/ICTI/IKI/I CUCTCMBI

p=2b, 1=En, Y, =EY(), Y,=EY*(),

§=["EY(D1(n > t)dt,y =1 - (1 —p) — p¥. @
Cpennuii noxon W () B cCTallMOHAPHOM PEKUME OMPENEISICTCS PAaBEHCTBOM

(C1A(1—p)—-C,D1)—C5q
W(a) — allq Pl_a; 1 240

rac

- - 22
D1=/1(1—p)5+@_(1_y1)q0’ qo=p+ — 2)

CHayvasna, cuuTasi pacnpeleleHue 1) 3aJaHHbIM, HAalWJEM (g, JOCTaBISIOLIEE MAaKCUMyM

byukun W (a).
Teopema 1. Ilycts p = Ab < 1, b, < 0,Y, < c0.
Ecmu
C2(yGo+D1) 3)
Cl (x) > A(1-p) '

re Y, 4o, D1 onpenenensi B (1) u (2), To mepeprIB (caavy B apeHAy) CIEAYET OCYIIECTBISATh
C BEPOSITHOCTBIO €AMHUIA, T.€. &g = 1.

B nmpoTrBHOM ciiy4yae nepephIBbI HE TOMYCKAOTCS, T.€. &y = 0.

Jloka3aTenbCTBO OMUPACTCS HA Pe3yIbTaThl CTaThh [2].

Jlanee mpenmonoxuMm, 4to Y — ITyaCCOHOBCKMH TPOIECC C HMHTEHCHBHOCTHIO A, a
IIPOJIOJDKUTEIHFHOCTD TIepephIBa HecIyJaiiHa U paBHa X. Jloxox ot cnaum mpubopa B apeHay Ha

BpeMmsi X coctaBisieT cymmy C; (x). Toraa B coorBercTBuM ¢ (1) 1 (2) ycnoBue (3) mpuHUMAeT BT

AC; o 4
Ci(x) > X (4)

[Tonoxnm
A = {x > 0: BoinosineHo (4)}.

ITocne HecoKHBIX BBIKIAI0K M3 TEOPEMBI | MoydaeM ClIeAyIOUMHA pe3ybTar.



Crnenctue 1 Eciiu A — HelmycTo€ MHOKECTBO , TO TEPEPHIB JTFOOOM MPOIOJDKUTEITLHOCTH
X €A HaZoO OCYHIECTBISATH C BEPOSATHOCTHIO enuHuIA. ONTUManbHOE 3HAYCHHE X,

MaKCUMU3HPYIOIEe CPESTHUIN T0X0/T B SUHUILY BPEMEHH, SIBJISETCS TOUYKOH MakcuMyMa (PyHKITUN
Ci(x) Ax
o) =291 -p) -, 2.

B kauecTBe prMepa pacCMOTPUM CIydaid, KOTIa J0X0J OT IIepephiBa
Ci(x) =c;x —d1(x > 0), 5)

rne d — W3AEp)KKM, CBSI3aHHBIE C OpraHM3alyel mepepbiBa (WM apeHnsi), 1(A) —
UHAUKATOP COOBITUS A.
Cuencrsue 2. ITyctb C; (x) onpenenena paBeHCTBOM (5).

Ecin

o1 —p <42d2C,, (6)

TO MEPECPLBIB CICAYCT ACIATh C BEPOATHOCTHIO CANMHUIA U €T0 OIITUMAJIbHAA ITPOAOJKUTCIIBHOCTD

_ [2d(1-p)
Xog = / T

Ecnu (6) He BBINONHSAETCS, TO IEPEPHIB 1€1aTh HE CIETYeT.
PaccmoTpeH Taroke citydaii KkBagpaTudHoi 3aBucumoctu C; (X) ot X.

Pa6ota BeImonHeHa npu noanepxke rpanta POOU Ne 20-01-00487.
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2. T.A. Adanacwes, Cuctema M|G|1 ¢ nepepsiBamu B paboTe MprOOpa U UX 3a7epiKKaMu,
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AcuMmnTorndecKkuii aHaAJIM3 CHUCTEM C TIOBTOPHBIMU
BbI30BAMM IIPU PEreHepupyloleM BXOAAMIEM IIOTOKE

Adanacnena JI.I'., Bamrora E.E.

Mer paccMmaTpuBaeM Mm-KaHAJBHYIO CUCTEMY C IIOBTOPHBIME BBI30BaMU. A MMEHHO,
B CHCTEME UMEETCd 1M UACHTHIHBIX IPUOOpoB. BpeMena oOCIyKUBaHUA Ha KazKIOM
npubope - HE3aBUCUMbIE OJIMHAKOBO PACIIPE/IE/ICHHbIE CJTyYaliHble BeJIMIMHbBI (H.0.D.C.B.)
¢ dyukrmeii pactnpenenenus B(x). Eciu B MoMeHT mocTy1IeHns TPEOOBAHNS €CTH XOTST
ObI OJINH CBOOOJIHBIN MPUOOP, TO TpeboBaHNEe HEMEJJIEHHO HAUNHAET OOCIY>KIUBATHCS.
Ecanu ke Bce mpubOpPDBI 3aHATHI, TO OHO OTIPABJISETCS HA TaK HA3LIBAEMYIO OPOUTY,
OTKYJa ITOBTOPSIET IOIBITKU IOMACTh Ha 00CIy>KHBAHHE.

Mbr usygaem uporecc Q(t) - uucio TpeboBanuii B cucreme (Ha opbure U Ha
npubopax BMeCTe).

[Ipennosnaraem, 4ro Bxojdmuii norok X () siBJsieTcst pereHepupyomumM. Beejgem
JIOTIOJTHATEILHOE YCJIOBHE Ha, BXOJSIIUI ITOTOK M BpeMeHa 0OC/IyKNUBaHUs.
VYcioBue 1.

P&1=0,11>0+P(& =11 —t >mn)>0.

Baecy & = X(0;) — X (0;-1) - xonmudecTBO TpeOOBaHMUIL, MPUIIEIIAX 32 HEPHOJ
perenepanum.

MpsI paccMaTpuBaeM JIBe MOJEJH, PA3JIMIAIONINecs: TpaBuiaMu (hOPMUPOBAHUST
ITIOBTOPHBIX BBI30BOB C OPOUTHI.

Jnst momenu M7 BBI3OBBI C OpOUTHI IIOCTYIAIOT TEM dallle, YeM OoJIbIlle Ha OpOuTe
TpeboBaHMil. A UMEHHO, KOIjia Ha OpOuTe HAXOIUTCS j TPeOOBAHUIA, TO 3aIIPOCHI C Hee
HOCTYNAIT B COOTBETCTBUM C IIyaCCOHOBCKUM IIOTOKOM uHTeHcuBHOCTH V(j). B pabore
[1] mokazana Teopema 06 ycaoBusix crabuibrocTu Mogenu M. Chopmyupyem renepsb
TeopeMy 06 ACHMIITOTUIECKOM IIOBEJIEHNN KOJMYeCTBa TpeOOBaHUl B Ieperpy>KeHHON
cucreMe.

Teopema 1. ITycmv pr = Ab/m > 1, Er] < oo, E{] < o0, Enf < oo, daa
HEKOmopozo © > 2 u

j_1+1/r1/(j) — 00, asj — oo.

Tozeda cywecmeyem cmandapmuoili Buneposcrud npouyecc W makoti umo

sup [Q(u) = (pr — Du— oW (w)| = o(t'/"), n.m.,

0<u<t

where cr% = O‘_%( + ma%.



B momenmu Mo 3ampochl ¢ OpOUTHI IOCTYIIAIOT Yepe3 H.O0.p. HHTepBaJibl. Eciu B
MOMEHT 3aITpOCa €CTh CBOOOMHBIH TPUOOP, a Ha OpouTe ecTh TPEOOBAHUSI, TO OHO U3
HUX OTIPABJISETCS Ha 00C/IyKUBAHUE.

Iycrs {(, )92 - mocie10BaTe/IbHOCTD H.0.P.C.B., IIPEJCTABIIAIONNX coO0il HHTEep-
BaJIbl MEXK/Ty 3anpocamu ¢ opoutsl, N (t) - mporecc BOCCTaHOBJICHUSI, TOCTPOECHHBbI
0 HOC/Ie10BaTeIbHOCTH {(p }00 |, €r0 HHTEHCUBHOCTD UV = tlgI;O N(t)/t.

YcaoBue 2. Ciyuaitabie BeJIUIUHBI (p, 1 € N UMEIOT 9KCIOHEHITUAJIBHYIO dazy, T.e.

Gn = GV + (),
¢ n ¢ nesauemsr, m ¢4 mMeror SKCmOHEHIMATBHOE pacIIpeesIeHIe.
st hopMysIMPOBKE PE3yJIbTaTOB HEOOXOJUMO BBECTH BCIOMOIATEJHHYIO CUCTEMY
My ¢ m npubopamu, Bxoggamum norokoM U (t) = X (t) + N(t) u orkazamu.
O6oznaunm n(t) - anciao 3aHaThIX 1pubopos B My, a tj - k-blif MOMEHT TIOCTYILIe-
uust TpebGosanust B My. B crarbe [1] mokasano, 4ro npu BbinosHeHHn ycJaoBuil 1 u 2
CYIIECTBYIOT

lim P(n(ty) =j)=P;, j=1m,

k—o00

K03 DUIMEHT 3arpy3KHU CUCTEMbBI PABEH

B A
Pe= N1 )1 - Pn)

U JIOKa3aHa sprojudeckass reopema. OCHOBHONI pe3y/ibTaT JIOKJIaja, KaCaloIriics
cucteMbl Mo — CUJIbHASA rayCCOBCKas aIlllIPOKCUMAIASA JIJIMHBI OUYepe/In B CUTYAINH,
KOI'JIa CUCTEeMa IeperpykKeHa.

Teopema 2. IIycmv p. > 1, ewnoaneno ycrosue 2 u Er) < oo, EE < oo,
En; < oo E¢] < 00, das nexomopozo v > 2. Tozda cywecmsyrom xoncmanma 02 >0
u cmandapmuoiti Buneposckut npoyecc W max umo

sup [|Q(u) — (pe — Du — oW (u)|| = o(t'/"), a.s.,
0<u<t

npu t — 00.

OcnoBHast uaest TOKA3aTEIHCTB TeopeM 1 1 2 COCTOUT B TMOCTPOEHUN MAasKOPUPY-
FOIUX CUCTEM, B YACTHOCTHU, CUCTEMBI 6€3 OPOUTHI U ¢ OOIIEll 0Yepe/ b0 U CUCTEMBI
C OTKA3aMU U CJIOXKHO YCTPOEHHBIM BXOJISIIUM TOTOKOM. 3aTeM HUCIIOTB3YIOTCS pe-
3yJbTaThl PAbOTHL [3| O CHJIbHON TayCCOBCKOl AIIPOKCUMAIMH DEreHePUPYIOIINX
ITOTOKOB.

Pabora nonpnep:xana rpaarom PODOU 20-01-00487.
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O cuabHOII AaNIIpoKCUMAaNUU HEKOTOPbIX TUIIOB
CJIyYalHbIX I10JIETOB

Bamrrosa E.E.

[Iycts ¢ = {e,,n > 0} — He3aBUCHMBbIE OJIMHAKOBO PACIIPE/IEJIeHHbIE CJIyYaii-
HBIC BEKTODBI, IIPHHAMAIOINIIE 3HAUCHNA Ha eaunudnoii cepe B RF, a {T),,n > 0}
— BO3pacTalomas MMoc/JIe0BATEeILHOCTD CIyIaHbIX BEJIUIHH, HE 3aBUCAINAS OT &
(To = 0). CuyuaiiHbIM [OJIETOM HA3BIBAETCSI HENPEPBIBHBIN CJIydaiiHbIil mporece
X ={X(t),t > 0}, rpaekropust koroporo Ha y4actke [I,_1,T,] (n > 1) nuneitna u
ee HallpaBJIeHHe 3a/1aeTCsl peajn3alueil ciydaifHoro BeKTopa &,. Takue mporecebt
paccmarpusasu erte [Tupcon, Paneit 1 Manneasb6poT, KOTOPEIiT BBEJ olpeaesieHne
ciayuaiinoro nosiera Jlesu. B jlokiiajie ycranaB/inBaeTcsi CUIbHAsI MayCCOBCKash all-
HPOKCUMAITUSA JIJIsT JBYX KJIACCOB CJIy9aiiHbIX MOJIeTOB. /I OJIHOrO U3 HUX AIllPOKCH-
MUPYIONIHIi TIPOLECC MOJIYIAeTCs BUHEPOBCKUM, U MOJIyYeHa CKOPOCTh CXOAMMOCTH,
onTuMabHas B cMbiciie Komtora-Maitopa-Tymmaanu. g apyroro xiacca, KOTOPBIT
CTPOUTCS IO TOIEIHOMY 1lyacCOHOBCKOMY MPOIECCY, AlIPOKCUMUPYIOIIUI IPOTIECC
ye He BuHepoBckuii, oJJHAKO Ha OCHOBE Pe3yJsbTaToB u3 [4| yuaercs oneHuTb TOY-
HOCTB anmpokcuManuu. CTOUT OTMETUTD, UTO MPEJICTABICHHAS TEOPEMa 2 ABJISeTCS
YCHJIEHHEM YaCTH Pe3y/IbTaToB, MOJIydIeHHbIX B [3| u [5].

[Tepexozst kK pOpMYIMPOBKAM, HAIIOMHUM cJiejytoriee onpejenenue ([1]).

Omnpegenenne 1. Ilporecc {S(t),t > 0}, npurumaromuit snagenns 8 RY, ¢ moko-
OPJIMHATHO HEYOBIBAIOIINMU, HEIIPEPLIBHLIMU CIIPABa U UMEIOIIUMHU IIPEJIEsT CJIeBa
TPAEKTOPHUSIME HA3BIBACTCS PErEHEPUPYIOIINM [IOTOKOM, €CJIH CYIIECTBYET BO3PACTAIO-
mast nocjegoBareabHocts {0;,1 > 0}, 6y = 0 Takas, 4TO IOC/IEI0BATEIHLHOCTD

{r;}72 ={5(0j—1 +t) = S(0j-1),0; —0;—1,t €[0,0; — 0;-1)};2,

COCTOHUT U3 H.0.p. CJydaifHbIx sjemenToB. Torga mocriemoBarenbaocTh {1; = 6; —
[o.¢]
61}, HA3BIBAETCS [OCJIEOBATEILHOCTBIO IEPHOJOB PEreHePAIiH.

ITycrs N(t) = min{n > 0 : T,, > t},t > 0. Mbr upeamnonaraem, aro Ee; = 0,

Vare; = o2,

Teopema 1. ITycmv N (t) asasemcs pezenepupyrousum nomoxom.

1) Ecau EePTi < oo, das nexomopozo p > 0, mo Ha 00HOM GEPOAMHOCTIVHOM
npocmpancmaee ModHcHo 3adams npoyece X U d-mMeprvili BUHEPOSCKUT NPoUuece
{W, t > 0} max wmo das ecext > 1, x > 0 u nekomopux koncmanm a,b,c > 0
BHINOAHAETNCA

P(sup’X(u) - JE\/EﬁW(u)‘ > alogt + z) < be .

u<t



2) Ecau ETZ?D < 00, 0Af HEKOMOPO20 P > 2, MO HA 0OHOM GEPOATNHOCTIVHOM NPO-
cmparcmee mooicho 3adams npoyecce X U d-meprbili BUHEPOSCKUTE NPOUECC
{Wi, t > 0} max wmo dan ecex t > 1, x > 0 u nexomopots xoncmarmos a > 0
BVIMOAHACTICA

P(sup|X(u) - UE\/ETjW(u)‘ > 1) < atz?.

u<t

Teopema 2. ITycmo N(t) = II(t/?), 2de 11 - cmandapmmonii nyacconosckud

npoyecc u o > 1/2. Ha 00HOM 6EDOAMHOCTNHOM NPOCTPAHCINGE MOACHO 3a0aMb
npouece X u d-meprviti suneposcruil npouecc {Wy,t > 0} max wmo dan ecex t >
1, > 0 u nexomopot xoncmarmo, C' > 0 evinoansemcs

P(sup X(u) —«

2a—1 y—1
W(u o )‘ > :r) <Ct"" e 7.
u<t 20 — 1

3decw, ecau o> 1, moy > 2, aecau1/2 < a <1, mo2<’y<ﬁ.
Pabora nonpnep:xkana rpaatom PODPU 20-01-00487.
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Urposast Mmoaenb ynpasiaeHust nopTheaeM HHBECTUIUN.

benssckuii I'. U., [lanunosa H. B., Yronbuuikuii I'. A.
(FOxup1ii denepanbHblil yHUBEPCUTET, I'. PocToB-Ha-/{0oHY)

B noxiane 3amaua o0 onTUMaJbHOM TOPTQENe paccMaTpUBACTCS KaK Hrpa MEXAy JBYMS
UTPOKaMU, OJMH U3 KOTOPHIX 3aHUMACTCSl HHBECTULIUSAMH (ITaeBON MHBECTUIIMOHHBIN (poH - [TUD),
JPyToM BBIJENSET Ha 3TO cpeAacTBa (areHt). OcHOBHas Liedb JaHHOIO MOAX0Aa — MOJIYYUTh YCIOBUS
YCTOMYMBOTO Pa3BUTHS U3yUYaeMOW CUCTEMBI M3 JBYX HMIPOKOB 3a cYeT (OpPMHPOBaHUS MOPTQEs
WHBECTUIUH. /{7151 TOCTIKEHUS 9TOM 11eTTM HAXOAUTCS PEIICHUE UTPHI M U3YUYaeTCs 3a71a4a MaIlTHHHOTO
00y4eHHs1, C TOMOIILI0 KOTOPOTO peaTu3yeTcsl JaHHOE pelieHue.

B noxnazne ananuzupyercs qurepaTypa, CBsi3aHHas C UCIIOJIH30BAHUEM aTOPUTMOB OOYUEHHS C
YUYUTENIEM B PEAIbHOM BpeMEeHU TIpH (OPMHUPOBAHUN TOPTHEIsT UHBECTHIIH, U JIETaeTCsl BEIBOJ, UTO
JTAHHBIN METOJT SIBJIICTCS HOBBIM U TTO3BOJISIET TIOJyYUTh OOOCHOBAHHBIC IOCTAHOBKHU 3aa4 00yUICHUS
JUTSL KQX0TO M3 UTPOKOB.

B mpocrom BapuaHTe WTpPhI UMEETCS OJMH areHT, PACIOJararoIluii HEKOTOPHIM pPEe3epPBHBIM
KanuTajioM a. ATEHT JEJUT CBOM KamuTajdl MeXAy MHBeCTUUHSAMHU B [IM®D v MHBIMU BIOXKEHUSIMU

(HampuMmep, NENO3UTHBIMU BKJIanamu). [lodyuuB uHBecTMIMM OT areHTa B pasmepe X, [TN®
BKJIaJIbIBAE€T ATH CPEJICTBA B LIEHHbIE OyMaru 1o ILeHe Sé, i=12...,1 , a umenno, x = ¥!_, ;S
. . I .
T[lonyuuB CcpeacTBa OT NPOAAXKH LEHHBIX Oymar 1o uene S =IS), a umenno, X =Z:yil‘i8('J , [TAD
i1

BO3BpAIIIACT YaCTh U3 HUX X , U 9aCTh (1—a)X ocrasisieT cebe, 0 < a < 1. JloxoaHocTs noptdens
Q=X,zmn SIBIIAETCS cilydailHOW BenuuuHOM. JloxoaHocth arenta K = aQ. OntumanbHas
crparerus arenta: x* = al,, A = {w:K = g}. TIpoOnema areHTa 3aKJIHOYacTCs B TOM, YTO €MY
HEU3BECTHO 3HayeHWe WHAWKartopa. WHdopmaius, nocTymHas areHty B MOMEHT t — 3TO
nocnegosarenbHocTh Ki, K, ..., K; , UCHONb3ys KOTOPYIO areHT MOXKET JUO0 BBIYUCIUTH OLICHKY
WHIMKATOpa, JIMOO BBIYUCIHMTL OIEHKY MaTemaruueckoro oxupanus El, = P(A), 6o oueHKy
cpennero EK . Kaxayro U3 3TUX OIIEHOK areHT BBIYHCIISET, TPUMEHsIsl 00y4eHre B peaJTbHOM BPEMEHHU.
J17is KaKJI0T0 U3 3TUX PEriaMeHTOB areHT BHIOMPAET ONTUMAIIbHYIO CTPATETHIO.

Vmeepowcoenue 1. Jlng mepBoro WHMOPMAIMOHHOTO pErjaMeHTa ONTHMajbHas CTpaTerus
arenTta: X* = al,. J{jis BTOPOro periaMeHTa ONTHMAlbHAs CTPATerus — CMeIlaHHas CTpaTerus x* :

P(x* = a) = P(A),P(x* = 0) = 1 — P(A). JIns TpeThero periiaMeHTa ONTHMAabHas CTpaTerus x* =

a,ﬁZg
0,EK<g



[MN® 3aumHTEpecOoBaH B MOCTYMJICHUHA WHBECTHLUH, OH CTPEMHUTCS TOOUTHCS 3TOTO, BHIOMpas
noprpens Z u a , nodromy i [IM®a paccmaTpuBaioTcst J1B€é BO3MOXKHBIE 3aJauyd BbIOOpa
onTuManbHOro pemenusd. IlepBasg 3amada 3akir04acTcss B MAaKCUMHU3ALMM 10 Z BEPOSATHOCTH
P((R,Z) = g/a) npu orpammuenusx (I,Z) =1,(ER,Z) > g/a w duxcuposannom a . Ilepsoe
OrpaHMYEHUE HENOCPEACTBEHHO BBITEKAET U3 ONPEIENICHUS JIOXOAHOCTH MOpT(ens, BTOpoe
OTpaHUYEHUE CBA3aHO C BO3MOKHOCTBIO UCIIOJIB30BaHUs ar€HTOM TPEThEH CTpareruu. Bropas 3agada
3aKJIF0YaeTCs B MAKCHMHU3AIlMK 110 Z Topora 6 mpu OrpaHHYEHHUsX P((Z,R) > 9) >B,,Z) =
1,(ER,Z) =0, 6 = g u ¢ukcupoannom f. IlpoGiema [MMda 3akimouaeTcs B TOM, YTO 3aKOH
pacnpezneneHuss JMOO M3BECTEH C TOYHOCTBIO JIO IapaMeTpoB, JHOO HEU3BECTEH COBCEM.
Nudopmanusi, u3BecTHass areHTY B MOMEHT BPEMEHU t — 3TO MOCJIE0BATENbHOCTh R, R,, ... R;. B

AOKIaA€ TMPEAIoJgaracrcda, 4YTo YCIOBHBIM 3aKOHOM pacCnpeaciCHusd JOXOAHOCTU OTHOCHUTCIIBHO

ITOCJIEIOBATEIbHOCTH SBIISIETCA HOPMAJIBHBIM 3aKOH pacnpeneneHus N ((Rt,Z ), (C 2,2 )), R, =
1 = 1 = 5t . o
;ZleRi, C, = ;Ztﬂ R;RT —RR', win sMIupHYecKHii 3aKOH pacHpeeleHus, MOPOKIAEMbIi

1
nocnenosarensHocteio.  P(R € A) = ;Zle I(g,eay- Mt mepBoro BapuaHrta, OTHOCHTEIBHO

Ha0JII0JaeMOM MOCIEA0BATEILHOCTH, 3a/lada MAaKCUMH3AIIUH BEPOSITHOCTH TIPeoOpa3yeTcs B 3a1auy:

(ZRy)-g/a

\' (CtZ,Z)

CUMMCTPUYHAA U MOJIOKHUTECIBHO OIIPCACIICHHAA. ﬂOKaSBIBaIOTCﬂ CICOYIOIMIUC YTBEPIKACHU.

max npu orpannuenusx: (I,Z) = 1,(Z,R,) = g/a. Tlpeanonaraercss, uto marpuna C,

Ymeepoicoenue 2. Ecnu R+ wl, TO 3amaya CBOJIUTCS K OJHOW M3 ABYX 3a7a4 OJIHOMEPHOM

+ - = -a+B _
ONITUMM3ALIMU MmMax Ny pU OrpaHUYCHUN A + B = 0 ;wm max N IIpU OrpaHuvYeHnu —a +
a a

Q

B = 0. Cnenyromee yTBEp)KICHHE KacaeTCsl CYIIECTBOBAHUS PEIICHHS 3aJadyd O MaKCUMyMe
BEPOSITHOCTH.

Vmesepaicoenue 3. Ecnu R # ul, To 3a1aua MAKCUMM3alMU BEPOSTHOCTH MMEET peleHne TOr/1a
¥ TOJIBKO TOT A, Koraa 6o B > 0, 6o B > 0.

Ecnu 3amaya He uMeeT pelieHHs, TO KPUTEPHUIO CIelyeT JT00aBUTh CllaraeMoe, Hajlararomiee

mTpad 3a poct HopMbI Bektopa Z . Takum 06pasom, niepByto 3agady [TH®Da nydiie chopMyaupoBarh

(Z,Ry)—-0

Vv (CtZ,Z)

Jlerko IMMOKAa3bIBACTCH, YTO AaHHAs 3a/la4a BCCra UMECT PCHICHUC.

CIEIYIONMM 00pa3oM: max — 6(Z,Z) | upu orpanunuenusx: (I,Z) = 1,(Z,R,) =6,6 > 0.

— — -1
Ecmu R = ul, u = g/a, To onTuManbHOE pelieHue Z* = L (C) I.

(@ "wi)

B mepBoM wuHpOpMalMOHHOM perjaMmeHTe BTopas 3amgaya [IMPa Oyner umerbs BHI:

max [(Z, R) —y(CZ, Z)], npu orpannuenusx (Z,1) =1, (Z,R) —y+/(CZ,Z) = g. Muoxurens y



OJIHO3HAYHO onpenessercs u3 pasencrsa: @(y) = B, f = 0.5, @ - pynkuusa Jlamiaca. OrpaHuyenue
(Z,R.) = 0 emonnsercs npu B = 0.5 . Lleneas GyHKLMs JaHHOM 3a/auk ABJIAETCS BOTHYTOM, TaK
kak ¥y = 0. PaccmorpuMm 3amauy Oe3 BTOPOro OrpaHHYEHUS M Z* - peUIeHHe 3TOH 3ajayu.
CrpaBesIuBO yTBEPKICHUE.
Vmeepowcoenue 4. Bropas 3anaua I1Mda umeer pelenue Toraa U Toiabko Toraa, koraa (Z*,R) —
YW(CZ5Z) = g.

Paccmorpum npumenenne IIM®Pom sMIHMpHYECKOro 3aKOHA paCIpeAesICHUs, OPOXKIaEMOro
MOCNEA0BATENbHOCTEIO Ry, R,, ... Ry. Jlnd sMnupuyeckod (QyHKIMM paclpeieseHUs] BEpOSITHOCTh

P((Z, R) > 0) =1- MTiS, Mis = Zlel{(z,Ri)<g}, nosromy 3amada IIM®Pa 3aximovaercs B

cremyromeMm. Tpebyercss HaiTm — min Mis npu orpamumdenusx: (Z,1) =1,(Z,R) > g/a. K
coXalleHHI0, QYHKIMH I((7g)<p} HE ABIAIOTCA BBITYKIBIMH, II03TOMY BOCIOIB3YEMCS BBITYKION
OIEHKOH CBEPXY MaHHBIX QYHKIMIL Iz r)<gy < max{0 + 1 — (Z,R;),0} u paccMOTPUM BBITTYKITyIO
samaay min Yt ,max{6 + 1 — (Z,R;),0} npu orpamnuennsx: (Z,I) =1,(Z,R) = 0. Jaunymo
3amady OyJeM pacCMaTpuBaTh Kak NepByro 3anady I1M®da, KOTOPyH MOXHO pellarh Kak 3agady
00yY€eHHs C YIUTENIEM B PEATLHOM BPEMEHH.

Hns Bropoit 3agaun [IM®a Bocnosb3yemcs NpeaplayliiM HEPABEHCTBOM, U3 KOTOPOTO CIIETYET,
1
4TO pEIICHHE 3aJa9i max f IpHU OrpaHUYEHHSX: ;Zle max{0 +1—(Z,R),0}<1-p,(Z,1) =

1, (Z , E) > 0,0 = g, aBnsercs OLIGHKON CHU3Y 11 perieHust Bropoit 3aaauu [ da.

Kak yxe oTMeyanoch, 3ajada areHTa — O5TO 3ajJada IMPOTHO3a, JUIA DPEIICHHS KOTOPOM
€CTECTBEHHO HCII0JIb30BaTh O0YYEHHE C YIUTETIEM B PEATbHOM BPEMEHH.

Harpumep, poruo3 BEpOATHOCTH CIYYailHOTO COOBITHS, KOTOPYIO areHT MPUMEHSET B CBOEM
CMEIIAHHOM PEIICHHH, MOKET BBIMJIAIAETh CIEAYIONMM 00pa3oM. J[OmycTHM MPOTHO3 BBIPAXKaeTCs
pasenctBoM: Pyyq(A) = ¢((a,8{_,,)), @ — byHKums akTHBAIMH cO 3HAUYEHUAME B uHTepBare [0,1],
a — mapameTp, MOMNCKALMI ONpEAeNeHNI0 B pesymbrate o0ydeHus, & = lix>g/a Of-m =
St—m> Ot—ma1r -r0r, (,.) — ckanspHOe npousBenenue. Kauectso ouenku - Y., (a) onpenensercs

<P((aJ5LL:—m))

nocine u3MepeHus Oppq  cuedyrommM - obpasoM:  Ppiq(a) = S ln—F——5
1_§0((a’5t—m))

—ln(l—

(p((a, Stt_m))) . JIns BBIYMCIEHUS CIEAYIOIEro NPUOIMKEHUS MOXKHO NPHUMEHSTh pa3IndHbIe

aIrOpuTMbl 00yYeHHsl B pealbHOM BpeMmenu. Hanpumep, ypaBHenue a.,, = argmin(|la, — a||* —
h::(a)] monyyaercs B pe3ynbrare IPUMEHEHHUS AJITOPUTMA 3€PKAIBLHOTO CITyCKa.
B 3aBepuieHuH [0KTaga MPUBOIATCS W KOMMEHTHPYIOTCS PE3yJIbTaThl BBIYMCICHHH Ha

PCAIBbHBIX NAHHBIX; MIPUBOJUTCA U KOMMCHTUPYCTCA CIIUCOK JIMTCPATYPhI.



AJIFOpI/ITM YUCJTCHHOI0 MOAC/IMPOBAHUSA 3J'I€KTp0HHOﬁ INIOTHOCTH

CTOXaCTHYECKH KOHBEKTHPYIOUIEH BHICOKOIIUPOTHOM HOHOCPeEpBHI
G.A. Vlaskov, A.M. Mozhaev

Don State Technical University, Rostov-on-Don, Russia

Hns pacdera OO0BEMHOTO pacmpeneneHuss HOHOCQEepHOH Ta3Mbl B BepxHeW MoJspHOW HoHOochepe
HE0OXOJMMO PacCMOTPETh CUCTEMY YPaBHEHUIH HEPAa3phIBHOCTH BUIA

Ne | V)N, +V(N,Vi) =g, - L — N,V "
i=123,....... )
rae Nj — IUIOTHOCTH HOHOB i-T'0 COpTa;

vV - CKOpPOCTb MOINEPCUYHOTr0 MO OTHOLICHUIO K MArHUTHOMY IIOJHO IIEPEHOCA IUIa3Mbl, 3ajaBacMast

MOJICIBbIO KOHBCKIIUH,
-
\ || = IPpOA0JIbHAA CKOPOCTh IBUKCHUA NOHOB,

gi — CKOpOCTh 00pa30BaHKs HOHOB i-COpTa;
Li — ckopocTh uX peKoMOMHALINY.
Bce Bxomsmme B ypaBHeHue (1) mepeMeHHBIE SBJISIOTCS B OOMIeM ciiydae (QYHKIIUSIMHA BpEMEHH U

npocrpanctsa. Ha Boicorax rnasuoro makcumyma N (= 300x1) B ciiydae He O4eHb CUITBHBIX IEKTPHUECKUX

noseii (E<50 mV/m) npeoGnanaer won 0° . IlpeneOperas Ha paccMaTpPUBAEMON BBICOTE TPOIOILHBIMU

H
JOBXKCHUAMAN SHCKTPOHOB V ‘N O6)KaTI/IeM IJI1a3MblI, HO.Hy‘-II/IM:
N, =
e
SV N, =a- N, )

rie  —pyHKLIUSI CKOPOCTH HOHOOOPa3oBaHus, 3 — IMHEHHBIH KO3 (UIMEHT PEKOMOUHAIIHY.

DTO0 ypaBHEHHE IPENICTABIIET COOO0H JTMHEHHOE ypaBHEHNE MTEPBOTO MOPSAKA B YACTHBIX MMPOU3BOIHBIX,
-

3aMMCAHHOE B IIPOCTPAHCTBEHHBIX KoopauHatax (0,1) Ha cdepe pamuycom R; . Tlpu 3amanubix Gpyukiumsax V ,
g, koo pummenTe peKkoMOMHAIMH [3 OHO ITO3BOJISAET IMOYYUTh TOPU3OHTAIFHOE paclpeIesIeHUe IIEKTPOHHOM
wioTHOCTH Ne. HauanbHBIM ycoBHEM 3ajauul Mpe/IoiaraeTcsl HeKOTopasi u3BecTHast (yHKIIUS:

Ne(ﬁ,ﬂ,,t)/tzto = NO(HJ,) 3

YroOsl pemuTh 331a4y, y100HO BOCIIONB30BaThCs JIarpaHKEeBbIM TIOAX0JI0M, KOTOPBIH HApsTy C OOBIYHBIM

(aMiepoBBIM) MPUMEHSETCS AJIS1 ONIMCAHUS ABUKECHUS CIUIOIIHOMN CPeIbl U IPHHSAT 11 ONUCaHMsI (PU3UUECKUX
nporeccoB B F-obnacti noHochepsl.
HcTOYHMKM ¥ MEXaHU3MBI TMOSIBICHHUS HEPETYJISPHBIX MarHUTHBIX TOJNEH B MarHuTocdepe CBS3BIBAIOT C
BO3MYIIGHHEM B COJIHEYHOM BETPE M MAarHUTOC(HEpHBIMH CYOOYypsIMH, C pPa3BHUTHEM Pa3zHOOOPa3HBIX
IUTa3MEHHBIX HEYCTOWYMBOCTEH, NMPHUBOIAIIMX K HEPETYISPHOH IONSAPU3ALUKN aBPOPAIBHOIN IUIa3Mbl, C
NOSIBJICHUEM TIOJICH TIONSpU3alMd B MarHutocdepe 3a CUeT IOSBICHHUS HEPeryJSIpHOW HWOHU3AIMU
BBICHINAIOMIMMUCS 3JEKTpOHaMH WU T. A. [Ipeamomaraem, 4To Takuhe OIS CYIIECTBYIOT M TOPOXKIAIOT
ClTy4aifHOE M0JIe CKOPOCTEeH KOHBEKIINH.

EcrecTBeHHO mOIarath, 4T0 CKOPOCTh KOHBEKIIUU paBHA:

V+ Ve @

rael/ — ckopocTh peryisipHoro apeiida,

Vgt — clydaiiHast GyHKLWs, ONHUCHIBAOIIAs CKOPOCTh CTOXACTHHYECKOTO JABIKCHHUS TUIA3MBL.

ITycts (Vs ) = 0 (31€Ch 1 BCIOLY YIIOBbIE CKOOKH 0003HAYAKT MATEMATHYECKOE O3KHIAHNE).

div VS: =0

Jnst mocTpoeHnsT MOJIETM KOHBEKINH, YUUTHIBAIOMICH (DIIyKTyalluH 3JIEKTPHYECKOTO OIS UCTIOIb3YeTCs
JIATYMK CIy9aiHbIX gucel. HeperymspHoe MarHUTHOE TT0JIe MOJCIHPYETCs C OMOIIBIO IaTIMKa CITydalHBIX
HE3aBHCHUMBIX PaBHOMEPHO paclpeeieHHbIX uncell. B aBpopanbHoil obnactn 61 < 8 < 6, HabmogaroTcs
GIIyKTyaIu KOHBEKIIMH C aMIUTHTY0H, paBHO# 25 MV/M 1 5 MV/M B mossipHoii mianke (6 < 6;).



PaccmoTrpum moapoOHee cirydaiiHyto COCTABIISIONIYI0 KOHBEKIIMU. byieM monarare, 4To CTOXaCTUYECKUN
MIEPEHOC SBIIAETCS CTAIlMOHAPHOW OJXHOPOIHON M W30TPOITHON ciydaiHON ¢yHKIMeH. B ciydae, xorma
BBITIOJTHSIIOTCSI YCIIOBHSI:

T»1T n (E2(D)) « 17 (5)

TZie T — BpeMs KOPpeNsLUH CIydyaifHOro mepeHoca V_st) ,

[ — mpocTpaHCTBEHHBIN paauyc KOppesLuU CIIy4aitHOro IoJIst E) ,

(£2(1)) — cpennmit kBaapar CTOXaCTHYECKOTO CMEIIEHHS YacTUIl  (MarHUTHBIX CHJIOBBIX
TpyOOK) 3a BpeMms T,

T — xapakTepHOe BpeMs U3MEHEHHUS TapaMeTPOB 3a]1auu.

Taxum 00pazoM cirydaiiHble CMEICHHS MOTYT OBITh OIMCAHBI CTOXaCTUYEeCKUM TU(PepeHInaIoM BUaa

dé =Vdt + oda(t) (6)

riaeod w(t) — cMerieHue, 00yCIOBIEHHOE CTOXaCTHUECKHM MEPEHOCOM,

0 — MapaMeTp, XapakTepU3YIOLNH HHTEHCUBHOCTh (PIYKTYallMOHHOTO ABMKCHUS,

@(t) — BUHEpOBCKHUH mpoliecc.

JlanHasi hopMylia ONKMCHIBAET FOPU3OHTAILHBINA JU((DY3HOHHBIH EPEHOC COBOKYIMHOCTH YaCTHULL, U 02 /2
ABJISIETCA TP 3TOM K03 uurenToM auddy3uu U UMeeT COOTBETCTBEHHO pasMepHocTh M2 /c. Benuuuna
9TOro Kod(p¢uIHeHTa B TakuxX (PU3MYECKUX IMpoleccax, KaKk MpaBHIIO, MOXKET OBITh IMOJIyueHa TOJBKO
9KCHEPUMEHTANBHBIM IyTeM. [IpousBeneM NpHOIM3UTENBHYIO OLEHKY mapaMeTpoB. CpenHuii KBaapat
cmemenus (%) pacTeT co BpeMeHEM i BUHEPOBCKOTo mpolecca no gopmyne (£2) = ot . 3ameHum
HeTpepBIBHBIA BUHEPOBCKUH MPOIECC COOTBETCTBYIOIIUM TUCKPETHBIM MaPKOBCKUM TMPOIECCOM CITyYaitHBIX
Onmy>X1aHuii, BBeIs IpU 3TOM 3P PEKTHBHYIO CPEIHIO JUIMHY Ly 1 cpenHee BpeMs T cBOOOIHOrO mpobera
yactuibl. Torna moryynM BeIpaKeHHe JJIsl CPeTHEro KBajpara cMenleHus 3a N ciryqaiiHbIX IIaroB B BUJC

(%N = NL§ = 0?N7g

Otkynao = j—ro—o (7

[Moxacrapmss T, = (Il;:t) (8)

nonyanM 0 = +/ (V) * Lo 9)

[peamnonoxum, uro Quykryauuu E B aBpopalibHOM 30HE gocTuraioT 25 MV/M, a B MOJSPHOH MIarke 5

MV/m. Oto maet coorBerctBeHHO (V) = 500 m/c 1 100 m/c. TTonaras Ly = 10 kM, HOJIy4nM JIsi aBpOPAIBHOI
1 . 1

30HBI 0 = 2500 m/c /’ 2, a qiisa ossipHo# mramku 500 m/c /2. [puHATH Takke 3HaYEHUs It BeauuuH Ly , (V)

MIO3BOJISIET aHAIN3 KCIIEPUMEHTAIBHBIX JJAHHBIX O QIyKTyanusx E.

Bynem cuutath, YTO CTOXaCTHYECKOE IBUKEHUE MAarHUTHBIX CHIJIOBBIX TPYOOK B IJIOCKOCTH (X, Y) MOXKHO
onucatb JBYMEPHBIM BHHEPOBCKHM IIPOLIECCOM B BHAE OpOYHOBCKUX TpaekTopuil. Pa3zoObem npmkeHue
TpyOOK Ha AMCKpETHBIE BpeMeHHble HHTepBasibl At. Torma TpaeKTOpPHUIO ABMXKYIIeHcs TPyOKH MOXKHO
3aMEHUTH JIOMaHO# ¢ KoopauHatamu {x;, v;} , (i=0,1,2...), BEIYUCIIAEMBIM 110 OPMYIIaM:

Xiv1 = X + Ve (X, Y)) At + oVALS,

(10)
Yisa =Y + (X, Y)) At + oVAty,
rueVy,V;, — KOMIIOHEHTBI CKOPOCTH PErYISPHOH KOHBCKUMH, &;,7]; — HE3aBUCHMBIC HOPMAJbHO

pacmpeneyeHHbIe CIydaifHpie ynucina (MaTeMaTudeckoe oxumaannue = 0, nucriepcus = 1).

X;,Y; — koopaunatel, npunamiexaiie orpes3ky [(X;,Y;), (Xiy1, Vi )]

Xy, Yo — HEKOTOpOE CTapTOBOE MOJIOKEHUE B HAYAIIbHBI MOMEHT BPEMEHHU.

Ctporo roBops, o saBisgeTcs GyHKIUEH KOOpIUHAT U UMEET TSH30PHBIA XapaKTep B ClIydae aHN30TPOITHBIX
(haykryarmii moyst ckopocTei. 371ech e IS IPOCTO Thl CYUUTAEM O U3OTPOITHOW M TIOCTOSTHHOU BEJIIMYMHOM.
Jannas hopMmyia onpenensieTcss 0COOCHHOCTSIMU BUHEPOBCKOTO MPoIlecca.

Kak 0putO0 OTMEYEHO, y4eT CTOXacTHYeCKOW KOMITOHEHTHI MAarHUTOC(HEPHON KOHBEKIIUH Mpe/rosaraer,
YTO MAarHUTHBIC CHJIOBBIC TPYOKH MEPEHOCSIIHE IJIa3My COBEPIIAIOT OSCIIOPSIOYHEIC NBIKEeHHSI. OUeBHITHO,
YTO NP 3TOM U3MEHSAETCS TOPU3OHTAIBHOE PACTIPEICIICHNE MIEKTPOHHOH MIIOTHOCTH B F-00mactu monsipHoit
Marautocepsl. B maHHOM citydae ciieflyeT roBOPUTh 00 3JIEKTPOHHOU MIIOTHOCTH N Kak CIiydallHOM ToJie
(cTanmoHapHOM WIIM HECTAIMOHAPHOM).

CraBuTcs 3amada OICHUTH, HCIONB3YysS TaKWE IPEACTABICHUS, MPOCTPAHCTBEHHBIE W BPEMCHHEIC
(ayKTyaruu 3NEKTPOHHOM IIOTHOCTU. [l 3TOr0 MCHONB3yeTCs ypaBHEHUE HEPa3phIBHOCTU C YYETOM



— —_—
CTOXaCTUYECKOTO XapaKTepa KOHBEKINH U TPEACTaBIeHIH ee CKopocTH B Bue V + Vi . Toapko HEKOTOpBIE
BECbMa CHJIbHBIC YIPOIICHUs AOMYCKAIOT aHATUTHUeCKKe peieHust [3].

PaccmoTpumM ypaBHeHHE HEpa3phIBHOCTU B 4yTh Oonee oOmem ciydae. I[lycts V pEryJIApHOrO MepeHoca —
BEJIMYMHA HEOJHOpPOJHAas B IPOCTpaHCTBE. PelleHwe 3agadynM TpU 3TOM CYHIECTBEHHO YCIIOKHSETCS.
AHanuTH4YeCKOe BhIpasKeHHE JUId (QYHKIUH PACIPEAEIECHUs WIN IPYyTUX BEPOATHOCTHBIX XapaKTEPUCTUK HE
ymaercst Hatu. [losTomMmy Hambosee NEHCTBEHHBIMH OCTAIOTCS YMCICHHBIE METOJBI, B YAaCTHOCTH, METOJ
MonTte-Kapno, ocHOBaHHBIH Ha HJe€ pO3BITPHILA KOHKPETHBIX 3HAUEHHH ClIydalHbIX (pakTopoB c
ucnoas3oBanueM DBM u natuuka nceBaocaydyaHbIX YUce.

Paccmorpum Benuunny N, (7) B HEKOTOPOii TOUKe 7 JIBYMEPHOI FOPH3OHTAILHOM 006JaCTH HOHOCHEDHL.
OHa 3aBUCHT OT TOTO, YTO MPOHMCXOAMJIO C IAaHHOHM CHJIOBOI TPyOKOH B MPOLIJIOM, TO €CTh Kakoe AeHCTBHE
OKaszaJiil MpoLecchl HOHOOOPpa30BaHUs U peKoMOMHaIuK. Hannumne croxacTudeckoil KOMIIOHEHTHI epeHoca
HE TIO3BOJISIET OJJHO3HAYHO ONPEENIUTh, Yepe3 KaKhe 30HbI M KaKOW NHTEHCUBHOCTH (YHKIHHU q TIPOXOAnia
TPAeKTOpHUsS ITOW MarHUTHOW cuiioBOM TpyOkm. CyIIECTBEHHO TO, YTO IPU 3TOM CIy4YailHBIM 00pazom
MEHSETCS €€ CKOPOCTh U HaIlPABJICHUE IBUKECHHUS.

PaccMoTprM BO3MOXKHOCTH NpUMeHeHUs MeToma MoHuTte-Kapio mis ciaemyromeii 3agadn: HEOOXOIUMO
BBUICHUTE pacIipe/ielicHue MAarHUTHOW TIOTHOCTH B oOnactu X > (), ycTaHABIWBAIOIMIEECs TOJ NEHCTBUEM
pETYJIAPHON U CTOXacTHUeCKo KoHBeKkImY. [Ipeanonaraercs, yro npu x < 0, N, = ny = const. Cuuraercs
BO3MOXXHBIM IIpeHeOpedb BEPTUKANBGHBIM ABHKEHUEM IUIa3Mbl U IPUHATH TUHEHHBINA 3aKOH PEKOMOMHALINY C
k03¢ dunmentom B. B aTOM ciyuae ypaBHEHHE HEPa3phIBHOCTH IPUMET BU]

AN, AN, vy AN,
St G+ VD TE+ (1 + VY 2 T ANe =0

N, =nonpux <0
raeVy, V), — mpoeKunu CKOpOCTH PEryJISpHOI,
3 VS}; — CTOXaCTUYeCKOH KOHBEKIIUH HA OCH X H Y.

Pemenne nannoro ypaBHeHus mis (X > 0) uMeeT BUI

N(X,Y); = ngexp (— ﬂtxy) (12)

7€ tyy, — BPEMs, 3aTPAYEHHOE HA JIBUKEHME MArHUTHOM CHIIOBOU TPYOKH OT CTapPTOBOTO MOJIOKEHUS JI0
TOYKH ¢ KOOPJUHATAMH X, Y.

B paznuuHble MOMEHTHI BpEMEHH t B TOUKY C 3TUMH KOOPIWHATAMH ITONAAAI0T PAa3IMYHbIE YaCTULBI M Ha
MX JIBIOKCHHE 3aTPAaYMBACTCS PA3IUYHOE BPEMS ly,. V3-3a cirydaliHOro Xapakrepa IBMKEHUH YaCTHIL
BEJIMYHMHBI Ly, U TIOTHOCTH N, (X, V) Takke sBISETCS CIlyYaiiHbIMH.

HecnoxHo BeMHCINTH MaTeMaTHYecKoe oxujanue u aucnepcuio N, (X,Y) npubmikenno. Paspirpas
MYYOK BO3MOXKHBIX TPACKTOPHI TPYOOK, MPUXOSAIINX B 3aJaHHYIO TOYKY, MOKHO OLIEHUTh 3TH BEJTMYUHBI 11O
(dhopMyaM MaTeMaTU4eCKOW CTaTUCTUKU:

1 .
(Ne) = L Tz Ne(X,Y)

11)

ANZ = ¥k [Ni(X, V) — (V)] &)
e k—1 “i=11"Yel e
raek — KoJIM4ecTBO IIOCTPOEHHBIX TPACKTOPUii,
[ — HOMep KOHKPETHOH peanu3aii (TpaeKTOPHUH PO3BITPHIIIA).
Oco6ast IeHHOCTh IPEATIOKEHHOT0 METOJa 3aKIIF0UAeTCs B TOM, YTO OH JIETKO PAacIpOCTpaHsieTcs Ha Ooiee
CJIOJKHBIE CIIydau.
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O6 ogHOM CTOXaCTMYECKOM yPaBHEHUU C ITPOU3BOIHBIMU
B CpedHEeM, CBA3aHHOM C THAPOAMHAMUKOI

IO0.E. T'nmukanx

[IpeBapure/ibuble CBE/IEHNS, B YACTHOCTU MOHSATHS IPOU3BOIHOI B CPEIHEM CJIeBa
D, u cummerpudeckoil mpousBoaHoii (Texyrieii ckopoctn) Dg, a TakzKe OMUCAHHEe IPYIII
cobonesckux H* muddeomopdusmos mi1ockoro n-mMepHoro topa, s > 4 + 1, uMerorca B
[1].

Ha rpyune H?® nuddeomopdusmMoB 1m10CKOro n-MepHOro Topa pacCMOTPUM IHPO-
necc £(t), yIoBIETBOPSAIOMMIL CIe/YIOMeil cucTeMe CToXacTuIecKnx auddepenHmaabHbx
ypaBHeHI/Iﬁ C MTPpOU3BOJHBIMU B CpeJIHEM:

D.D.E() = 0 "
D,&(t) = 2Dsé(t)

Bsenem oGosmatenne D,&(t) = u(t)e;) U IpaBBIME CABUTAMH Ha TDYIIIE IepeHe-
cem Bee U(t)e() B KacaTelbHOE MPOCTPAHCTBO B efuHuIe € rpymusl. [Ipu sToM yciosroe
MaTeMaTH4YeCKON OXKHnJaHue, BXOodInee B olpeJesieHue Ipou3BOJHBIX B CpeaHeM, CTaHO-
BUTCA O6BILIHI)IM MaTEMAaTUYICCKUM OXKHJIaHUEM. TaK 9TO B KacaTeJIbHOM MPOCTPaHCTBE B
e/IUHUIIe TPYIIBI Mbl IIOIYy4aeM JeTePMIUHUPOBAHHYIO KPUBYIO U (1).

Teopema 1 u.(t) ydosaemeopsaem ypasnenuto Bropeepca u ypasreruto HEPa3puleHOCTA.

Crmcok aurepaTyphl

[1] Gliklikh Yu.E. Global and stochastic analysis with applications to mathematical
physics. London: Springer-Verlag, 2011. 460 p.



O KOHCTPYKIINHN MEPKIUHCA B 3AIAUE
BJIOYKEHIS CKOPOXOIIA

AL A Tymusa® M. A. Hegormusun®

» Maremarudeckuit mactutyt um. B. A. Creknosa PAH, Mocksa, Poccust,
e-mail: gushchin@mi-ras.ru
b MI'Y um. M. B. Jlomonocosa, Mocksa, Poccus, e-mail: mishiv96@gmail.com

Bagaqa Baoxkerus CKOPOXOIa COCTOUT B TOM, UTO TIO 33JaHHOMY pacipeesennio 1 Ha R
TpebyeTcd MOCTPOUTHh Ha HEKOTOPOM IIPOCTPAHCTBE, HA KOTOPOM 33JaHO OPOYHOBCKOE IBU-
xkenne B = (Bg);>0, MOMEHT OCTAHOBKM T, Jjst Koroporo Law(B;) = i, u KOTOPBIA 00-
JaJaeT TeMH WM WHBIME KejlaeMbiMu cBoiicrBamu. B wacrroctu, Ilepkuuc [1] B 1986 1.
TIPeJITIOKII KOHCTPYKIMIO MOMEHTA T, /Il KOTOPOTo BeJIMYnHa, B, rie By 1= Sups<; Bs —
TEKYIIUi MaKCUMyM Mporecca B, MUHIMaJIbHA OTHOCUTEIHHO CTOXACTUYIECKOTO TOPSIKA,
1. P(Bri > A\) < P(B,; > \) aas Beex A > 0 Beex permennii 7 3agaqam Biokenns CKOpo-
xona. [lepkunc npeanonara, 4ro paclupeieneHue (i NEHTPUPOBAHO, ObIwmii caydail (B ToM
JHCIIe, KOT/Ia (1 He HHTerpupyemo) 6b11 paccmorpen Kokcom n Xobcomnowm 2.

B 1993 r. Pomxepc [3] oxapakTtepusoBan knacc Il Bcex BO3MOMXKHBIX COBMECTHBIX pac-
NpeeeHnii TEPMUHAJIBHOTO 3HAYEHUS T.H. CXOJMIIETOCSd HEMPEPHIBHOIO JIOKAJIBHOTO Map-
TUHTAJIA, BIXOAAIIEro u3 0, u ero MakCcuMyMa. JTa XapaKTepu3alins M03BOJISIeT Pa3IeIuTh
peanuzanuio koucTpykiuu Ilepkunca wa apa mara. O003HAYMM 71 ¥ To MAPTUHAJIBHBIE PAC-
npenenennsd Mepbl m € II. IlepBbril mar cocTOUT B TOM, YTOOBI /I JIIOOOTO OJHOMEPHOTO
pacupeaeseHud ( HalTH

min 7y, (1)

mwell: mi=p

r7e MUHUMYM OepeTcs B CMbICJIE CTOXaCTUYeCKOro mopsika. Ecim obo3Haunth depe3 m*
Mepy u3 I, Ha KOTOPOIi TOCTUTAETCH MEHUMYM, TO BTOPOH IIAr 3aKJII0YaeTCs B TOCTPOEHUN
MOMEHTa OCTaHOBKM T, mias kotoporo Law(B,«,B,-) = m*. Ecan nepsbrii mar caenam,
To pe3ynbrar Pomxkepca maer sBubiii Bug 7. Takxke ObL10 ObI MHTEPECHO TOIYYUTH SIBHOE
BbIpazKeHue JJis1 7" 13 HesIBHOI KOHCTPYKIMHA /71t 7F 13 paboTh! [4] B coueTannu ¢ HaileHHO
B JIAHHOI paboTe XapaKTepusarueil ONTUMATIbHOIO PACIPEIEIEHUs T, CM. TEOPEMY HUKE.

Urak, nama mens cocrour B pemrenun 3agaqdu (1). Cuemyrormue yciaoBusi OMUCHIBAIOT
kstacc 1l coBmecTHBIX pacmpejeseHnii TePMUHAIBHONO 3HAYEHUs TI.H. CXOMAIIErOCs Herpe-
PBIBHOI'O JIOKAJILHOTO MapTHHIAJIa, BeIxoasiero u3 0, u ero makcuMmyma, cm. 3], [4]:

w e II,

ecJinu
7((z,y):y =0, y=>x) =1,

bynrmms A ~ Aw(y > ) + / x w(dx, dy) MOHOTOHHO He yObIBaer.
{y<a}

Ham 6ymer yaoGHee paboTarh He ¢ pacupeferdeHuaMyu B R?, a ¢ mapaMm CiIydaifHBIX

esmant (X, Y'), KOTOpbIE MPEANoIaraioTcs 3aJaHHBIMI HA OJHOM IIPOCTPAHCTBE, KOTOPOE

MOXKeT OBbITh Pa3HBIM B pPa3HBIX MecTax. lIpeamosaraercs, 9To 33aHO PaCIpeneeHue [

CIAyJaifiHoOl BeTUIWHBT X :
Law(X) = p.

Uccnenopanne A. A. 'yimuHa BBINOJHEHO Ipu moggep:kke PODU, rpant 20-01-00646.



Tpebyercsa mocTpouTh Takoe coBMecTHoe pacmpeneserne (X*,Y™*), aro Law(X* Y*) € II,
Law(X™*) = p u mus mo6oro coBmectroro pacnpenesnennsi Law(X,Y') € IT ¢ maprusansbHbIM
{4 TIO TIEPBOI KOOpAUHATE, OyIeT BBITOJTHEHO

PY>XNZ=2PY">X), A>0.
Hanst cnyaaiinoit Benwanasl X ¢ Law(X) = p BBegem ciemyrorme 0003HAYEHUS:
F(x) := P(X < z) — dyuknusa pacnpenenenuns X,
Q(u) :=inf{x: F(x) >u}, we€ (0,1), — Bepxusaa kauruabuas Gyuxmus X,
J(x) = / ’ F(t) dt — warerpanbhas dyHkms pacnpenenenus X,
0

K (u) := sup|zu — J(x)] — unTerpanpuas kBanTuabHas ynkmus X.
zeR

®ynknus K neorpunarenbra u Bbimykia, inf, K(u) = 0, K(0) = E(X ™), K(1) = E(X™T),
Q(u) coBmamaer ¢ mpaBoil mpon3sogHoil K B Touke u st u € (0,1). Otu u npyrue GakThl
MO2KHO HalTu B cTaThe [5].

Bagaanm caydaitabie Bemmanabl X * u Y™ Ha uarepsase (0, 1) ¢ 6openeBckoii o-aarebpoit
u mepoit Jlebera P. A umenno, nonoxum X*(u) = Q(u), u € (0,1), n oupegeaum Y*(u) =
X*(u), ectu Q(u) = 0. Eciim Q(u) < 0w u > 0, To ompeneanm Y™ (u) Kak eTHHCTBEHHBIH
KOPEHb ypaBHEHUs (C HEM3BECTHBIM \)

AL +u) — J(\) = K (u). 2)

Y*(u) cTporo ybObiBaeT u HempepbiBHA, Korya u MeHsercs or 0 g0 sup{u: Q(u) < 0} =
P(X < 0), upu srom Y*(u) usmensiercs or \g 10 0, rie A9 — KOpeHb ypasHenus (2) npu
u = 0, ecJid OH CYIIECTBYET, U +00 B MPOTUBHOM CJIydae; ecjid Ag < 0o, T0 E(X A Xg) = 0.
O6parnoe kK Y*(u) orobpaxkenne obozunaunm V*(N), 0 < A < A.

Teopema 1 Ilycmw s3adaro pacnpedenenue fi.

1. Jas nocmpoernnoix sviwe cayuatinnx seauvun X* u Y™ umerom mecmo Law(X*) = p
u Law(X*, Y*) e II.

2. JTaa ar060h napoe (X,Y) cayvwatinox eeaunun ¢ Law(X) = p u Law(X,Y) € IT

PY>XN>=PY*>MX), A>0.

3. B xaacce 11 cyuwecmsyem eduncmsennoe pacnpedeaenue ¢ mapeurarvhomu Law (X *)
u Law(Y™), a umenno Law(X*,Y™). B wacmnocmu, munumym 6 (1) docmuzaemes na edum-
CMBEHHOU Nape.

4. Onmumanvnas napa (X*,Y*) ydosaemeopsem n.n.

* Y™, ecau X* > 0y
Sl QIVHY™)) ecau X* <O0.

Obpammo, ecau svinoaneno npedwecmsyrowee coommowenue u Law(X™*) = pu, mo (X*,Y™)
— ONMUMAALHAA NAPA.
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[TpumeHeHre OMHAPHOTO JIepeBa B 3a7a4ax YNpaBJICHUS MPOLIECCAMU
C pa3JIaIKOU

(danumnosa H.B., bensickwmii .., FOxHbI# (enepanbHblii yHUBEpCHTET, T'. PocToB-Ha-/{oHY)

B noxmane paccmarpuBaeTcsi 3ajada ympaBlieHUs JUIsi OMHApPHOM MOJAENIH C pa3laiKoil.
PaccmaTpuBaetcs anocTeprOpHbIN MOAXOM, TO €CThb B pe3yJibTaTe HAOMIOJACHHUS OOHApY>KHUBAETCS
pasiazka C MOCIEAYIONIe YeTKOM M HEYEeTKOM KilacTepu3alnueil BepuuH aepeBa. Ha ocHoBe 3Toi
KJIaCTepU3allM1 BBICTPAUBAETCS aJITOPUTM pelleHus 3a1a4ui. Mcnonb3yroTes kKak CHMMETPUYHBIH, Tak
U HECUMMETPUYHBbIN ImTpadbl 3a HENOCTH)KEHHE IIOCTABJIEHHOW uenu yrpasieHus. J[lanee
aHAJIM3UPYETCsl BO3MOKHOCTh MCIIOIb30BaHMsI OMHAPHOI MOJIENIN B KAU€CTBE CPECTBA MPUOIUKEHUS
HenpepbiBHON Mozaenu bika-Iloynca ¢ pa3nagkoi, mpudeM UCCIEAYETCs BO3MOXKHOCTh PEIyKIUU
NP - monHoi#1 3a1aun k P - momHO# 3a71a4de ¢ moTepel nHPpOpMaIIiH.

3ajava ynpaBJIeHHUs PEIIaeTCs B CIEIYIONIEH TOCTaHOBKE:

?};?E(qb(yl\” §)), npum orpammuenusix: Y, =y, + 2, S AS; ne{l,.., N}, AS,=
@(S,_)a’nb~*n, X €{0,1},P(X,, = 1/n<0) = qo, PX,=1/n=20)=4q,, Vo<a.
Pasmagka 6 — ciydaiiHas BelMudHa ¢ MHOXeCTBOM 3Hadenuii Z = {1,2,..} ¥ H3BeCTHBIM

pacnpenenenreM BepositHocTei. [Ipeanonaraercs, yro Matemaruueckoe oxunanue E|@(Yy, &)| < oo,
Mouens GyHKIHOHMPYET Ha ecTecTBEHHOM croxactuueckoM 6asuce (Q, (F),so, F, P). CrpaBemuso
yTBEpKICHHE.

Vmeepoicoenue. Ecnu maptunransHas mepa P* ((S,, E,, P*) - MapTuHrai) cymiecTtByeT u

€IMHCTBEHHAs, €ClIM CYIIECTBYET pelleHHe 3a1auu min E (<D(77, ¢ )) npu orpannuenuu: E*n < a, to
n

3a/laua yIpaBlIeHUsI UMEET PEIICHHUE.
B oToif 3amaue mepBoe MaTeMaTHUECKOE OXKUIAHHE BBIYUCISETCA IO HCXOIHOM Mepe, B
(dhopMUpOBaHUH KOTOPOM y4acTBYeT pasznaaka. Bropoe MareMaTuiyeckoe 0KUAaHNUE BHIYHCISETCS T10
MapTHHTaJIbHON Mepe.
Cxema pelieHusl 3aqadyd YNpaBiICHHUS TAaKOBa: CHayala HAXOAUTCA 71)° - pelleHHe 3aJauu:

min E(®(n,&)) npu orpanuuenun: E*n < @, 3aTem Bhrumcasercs maptunran Y, = E*(n*/E,) wu
1

pas3iiokeHne MapTUHIajia Y mo MapTuHrany S.
B paccMarpuBaemoil MOJENH CYIIECTBYET €IMHCTBEHHAas MAapTHHralbHAs Mepa, €ClIH s

apaMeTPOB MOJIENHU BBIIOIHIETCS HEPaBEeHCTBO: a < 0 < b.
y2n-11N
CHauana B JOKIAA€ PacCMaTpUBAETC OMHAPHOE IEPEBO C BEPIIMHAMU [(A;l)i—o ] B
=0 In=o

xotopom AL — {42, AZF1Y VcranosnuBaercs u30MOpQU3M MeXTy OTpe3KaMu GUHAPHOI



TOCIeIOBATENbHOCTH W] ¥ BepmmHaMH AepeBa AL. DTOT m30MOpGM3M 3a7aeTcs CleayrONIuM
00pa3oM: OTPEe30K OMHAPHOI MOCIEN0BATENLHOCTH W) m3oMopden BepmuHe Al TOrjaa M TOIBKO
Toraa, koraa i = Yr_, 2" Fw,.

Pasnagka B MOJENM 3aMeHsAeTCs HA €€ OLEHKY MOMEHTOM OCTAHOBKH. PaccMOTpHM
IIPOM3BONIGHBIN MOMEHT OCTAHOBKH T, HAIPUMEp, OLEHKY Pa3iaiku. MOMEHT OCTAHOBKH Pa3JielseT
BCpIIMHBI ACPEBA HA ABa KJIaCCa B COOTBCTCTBHU C IMPABUIIOM: BCPIIMHA A%’l OTHOCHUTCA K IICPBOMY
xaccy (Hy) sepumn, ecmu (A%) = n; ecnu AL, oTHOCHTCS K TIepBOMY Kiaccy, To BepuiuHbl A2 ; u
A%i_:'ll TAKXKXE OTHOCATCA K ICPBOMY KIIACCY. OCTaHI)HI)Ie BCPIIMHBI ACPEBA OTHOCATCA KO BTOPOMY
kiaccy (H,).

Hcxoauast Mepa B MOJIENIM BBIYMCIISETCS C MOMOIIBIO PEKYPPEHTHBIX YPaBHEHHH, KOTOPbIE
HICTIONB3YIOT pa3OHeHHe BEPIINH JepeBa MOMEHTOM OCTAHOBKH. DTH yPaBHEHHS HMEIOT CIIETyIOIIHii

BU/:

. P(At Al H . 1—qg,)P(A: At H
p(Azi*1) = { qoP(AL1), Ay € H, P(A2) = { (1= qo)P(Ah_1), A}y € H, PAY) = 1.

QooP(qu—J AL, €H, (1- Qoo)P(Ailq) AL, EH,

Jlanee paccMmarpuBaeTcs ciiydaiiHoe omyxxnanue: ¢y = 0,¢, = ¢,_1 + X, U peaynupoBaHHOe

N . . . .
JEPEBO C BEPIIMHAMH {A;}izo,n =1,2..,N, u gyramu A, - A%, A, - AL Hsomopusm

YCTAHABJIMBAECTCA MEXIY CIy4YallHOM BEJIWYWHOM: ¢, ¥ BEPUIMHON Afl". Jns maHHOrO NiepeBa MbI
UCIOJIb3yeM HEeYeTKylo kiaccupukanuio. [IpuHapiexHocTs BeplInHbl Kiaccy H; paccMmarpuBaercs

KaK CIy4yaliHOE COOBITHE, KOTOPOE HACTYIIAET C BEPOSTHOCTHIO P(Ail € Hl) = p,.i- BepostHOCTH D)y ;

P(6sn /gn=0) _ In(d)
P(O>n/¢n=i)  Chalk(1-qoo)"IP(6>n)

BBIDQKAIOTCS 4epe3 OTHOLIEHMs Tpapononodus Y, (i) =

$n() =271 P =10/6=j)P(0 =j), a umenno, pp; = % . B gokmane npuBomsTcs

PaBEHCTBA, MO3BOJISIOIINE BBIYUCIUTD {, (i). BeposTHOCTH p,,; MO3BOJSIOT BHIYUCIUTH UCXOAHYIO

Mepy JUIs TAHHOMU MOJIEH CIEIYIOLIUM o0pazom
P(Ag) =1,P(A}) = P(A‘(r)l—l) ((1 - %)pn—l,o +(1- qoo)(]- - pn—l,O))' P(A}L) =
P(AR=1 (QOpn—l,n + Qoo(l - pn—l,n))' P(A%) = P(Aiz—l) ((1 — qo)Pn-1,;+ (1 — qoo)(l —

pn—l,i)) + P(Ail_—11) (CIopn—Li + qco(l - pn—l,i))l i #0,i#n.
B nokmaze paccmarpuBaeTcs OMHapHas anmnpokcuManus ypaBHeHus Bioka — Iloynca ¢

paznaakoii: dS; = S; ((mll(t < 6)+myl(t=0))dt+ ath), W, — cranmapTHOe OpPOYHOBCKOE

Xn 1-Xp,
JIBUKEHHE, KOTOpas BBIMIAMUT CIedyomuM obpasom: AS, = S(hn_l)h(m/ﬁ) (—0\/%) 1 Qoo =

mlx/ﬁ
20

,q0=P(Xi=1/i>9)=3+m2—ﬁ

2 20

P(X;=1/i<6) =5+



Jl1st 3TOM MOZeNIM pacCMaTPUBAIOTCS 3a1a4y ONITUMAJIBHOIO MHBECTUPOBAHMS IS PA3JIMYHBIX
KPUTEPHEB KauecTBa MOPTQesisi HHBECTULHA.
B noknage npuBOIATCS M KOMMEHTUPYIOTCS IpuMepbl BbluuciieHuil. [IpuBomurcs u

KOMMCHTHUPYETCA CIIMCOK JIUTCPATYPHI.



Humurpos I.B. (Mocksa, Poccusi) — CrarucTudeckue MeTOIbl OMpeeJIeHUsI
HEO/ITHOPOJHOCTE!l BOJIOKHUCTBIX MaTEPHUAJIOB C IOMOIINbIO CTATUCTUK OJIm>Kaii-
IIINX COCee.

B pabore paccmarpuBaeTcss IpUMEHEHHE OIEHOK Kk-OJIMKalmux cocereil JTuBepreHInm
Kynnbaka—Jleiibiepa [5] K moucky obsacreil HEOJHOPOJHOCTH B Marepuajax. Acumnro-
THYECKNe CBOMCTBA TAKWX ONEHOK (2 MMEHHO: acHMITOTHYIeCKas HeCMeNeHHOCTb u L2 -
COCTOSITEIBHOCTD) ObLIN JOKa3aHbl B HegasHeill pabore [2]. B crarbax [1, 3| omenku aud-
depenrmaibuoit suTponun IllenHoHa TpUMEHSIOTCS it OOHAPYKEHUSI HEOIHOPOTHOCTEH
B BOJIOKHHCTOM MaTepuaJje, 3amojHsaiomeM napamierenunes 11 C R3. Mcnomssyeres ecre-
CTBEHHBIN TIO/IXOJT, IPH KOTOPOM BBIOMPAETCS CKOJIB3SINEe OKHO JOCTATOYHO MAJIOTO pa3Me-
pa, B IIpejiesiaX KOTOPOTO OIEHUBAETCsI HEKOTOPAasi XapaKTepPUCTHKA MaTepuasa ((hbaKTHIecKu
nuddepennuaibhast suTponust [1leHHOHA paciipeie/ieHus HAlIPaBJIeHUl BOJIOKOH ). 3aTeM Ha
OCHOBE COOPAHHBIX XapAKTEPUCTUK JIEIAaeTCs CTATUCTUIECKUI BBIBO, O CBOMICTBAX 9TOTO Ma-
TepuaJa.

B crarwe 4] onenku nuseprenimu Kysnb6aka-Jleitbaepa ncnosb3yores Jjsi 0OHADY Ke-
HISI MHOI'OMEPHBIX ITPOCTPAHCTBEHHBIX KJIacTepoB B Mojeaun Bepuysiun. Hamu pazsuBarorcs
u 0000IAaTCs ujaen 3Toil pabOThl Iisi OOHAPYKEHUsI TPOU3BOJIBHBIX HEOIHOPOIHOCTEH B
BOJIOKHUCTBIX Marepuasax. Beogurcs noustue goaokna — mapsl (X, T), rme X — ciydaii-
HBII BeKTOp co 3HadenusaMu B R4 M II, KOTOPEIT 0 CMBICITY ABJISIETCS IEHTPOM BOJIOKHA, 2
T — cnaydJaifHbIA BEKTOP CO 3HAYEHUSIMU B RdQ, KOTOPBII IO CMBIC/ILY ABJIAETCA METKOU W
HEKOTOPBIM CBOICTBOM BOJIOKHA (HAIIpUMED, HAIIPABJIEHUEM B IpocTpaHcTie). VIMeHHO cpein
TaKUX METOK U OYyJeT MCKATHCS HEOITHOPOIHOCTD. 3/IeCh Ipejioiaraercs, uro I — mekoro-
poe obbemonee MHOKecTBO 1 MaTtepuar, 11 € B(RM), 0 < pga, (IT) < 00, pge; — Mepa,

Jlebera B mpocrpaHcTBe (Rdl,B(Rdl))); P(X € B) = tgy (B) JUISE JIFO60r0 GOPEsIEBCKOro

Hpdy (I1)
B € B(R%)NII, a T umeer crremyrontyto npupony: T = - 1{X € Ry} +n-1{X € I\ Ry}, rue
£, 1 — HeKOTOpBIe CilyvaiiHble BEKTOPHI co 3HadenusMu B R, law(£) # law(n), pe := dZPE ,
RE2
py = dip;’ , Ry € BR®) NI 0 < pga; (Ro) < pigay (TII). B sToM ciayuae masosém Ry
RY2

00JIaCTBIO HEOITHOPOIHOCTH. Bee ciydaiinble 3/IeMeHTBI OIPeIeIeHbI Ha, IIOIIOJTHEHHOM Bepo-
SITHOCTHOM TipocTpaHcTse (2, F, P).

Paccmarpusaercs moznens (cm. Puc. 1), B kotopoit nabmonaresio gocrynust { X;, 1,1 €
{1,...,Cu}}, G ~ Pois( Ay, - pgay (IT)), Tae must sio6oro n € Ny A, > 0, A, — 00, n — 00. O1-

meruM takxke, 9ro {X;, T;, (;,i € N} npeanonaratorcs HezapucuMbivu, law(X;) = law(X),
law(T;) = law(T") aya moboro @ € N. [Ins xaykmoro MHOXKecTBa R M3 HEKOTOPOro Habo-
pa MHOXKECTB R CTPOUTCS OIEHKA fn(R) = 1 (ZA)n(R) + Bn(§)>, rjie ﬁn(A) — OIEHKA,

k-6mmkaiimux coceneit queprennun Kynnbaka-Jleitbiepa (cMm. crateio [2|) mMexty pactipe-
nenenneM MeTok 1) BHyTpu okHa A (To ects npu X; € A) u BHe ero (To ects npu X; € 11\ A).

~

Ornenka obs1acTi HEOHOPOIHOCTH R, 1I0J1araeTcst paBHON apryMeHTy MaKCUMyMa TaKoii cIre-

uasbHol craructuku 1, (R), B3sToro no Bcem okHaMm R € R, To ectb R, := argmax T;,(R).
ReR
[Ipu MIIPOKUX YCAOBUSX Ha IJIOTHOCTH D¢ U Py YIAETCS TOKA3aTh COCTOATEIBHOCTD IIPEJI-

JIO2KECHHOH IIPOLEYPHI.

Teopema 1 Ilycmo daa nexomopux €, R >0, N € N, f € {pe,pn}, 9 € {pe,pn} Pyrryuo-
naavlt K g(2,N), Qy.4(e,R), T 4(e, R) woneunv. Tozda

P (ﬁn € argmax dp (R, RO)) —1,n — .
ReR

3decw dr(R, Ry) := ‘“(RRO) _ u(RRo) , R:=1I\ R, a onpedesenus @ynxuuonanros Ky, 4.,

w(R) u(R)
Q1 .f2> Try 52 0na naommnocmed fi, fo moorcno natimu 6 cmamoe [2].

Pabora Beimosinena nipu nojiepxkke rpanta MI'Y um.M.B.Jlomonocosa “CoBpeMeHHbIe TIPOOIEMBI (DYH-
JaMEeHTaJbHOI MaTeMaTUKH U MEeXaHUuKN .
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Puc. 1: Ucciiegyembrit BosiokaucThiit MaTepuaJ Il ¢ obracthio Heoguopoanoctu Ry

B mporecce jokazarenbersa Teopembpr 1 TakKe yCTaHABIUBAIOTCS HOBBIE DE3Y/BTATHI,
KacaloImuecss acCHMITOTHYeCKOH HecMmernenHocTn n L2-cocrositenbroctn orerok D, (A) (B
OIEHKY BXOJHUT CyMMa IIyAaCCOHOBCKOTO 9YHCJIa CJIy4ailHBIX BEeJUYWMH; paHee B pabore |[2]
ACUMIITOTHYECKHE CBOWCTA OBLIIM yCTAHOBJIEHBI TOJIBKO JIJIsi OIEHOK, BOBJIEKAIOIINX CYMMbI
IIOCTOSIHHOT'O YNCJIA CXOXKHUX CJLy9IaiHbIX BEJIMYNH).
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OnTumajibHOE yHnpaBJjieHue JIMHEIHON CTOXaCTUYeCKOil CuCTeMOoii
B.I'. 3adopootcnudi, Boponestcckuti 20cynusepcumem

PaccmarpuBaercst yripaBisieMas JiuHeliHas cucreMa Jud depeHIabHbIX YpaBHeHHH
dx
— = ¢&(t)Ar + bu(t) (1)
dt
C Ha4YaJIbHBIM YCJIOBI/IGM
x(to) = o (2)

1 KBaJpaTUIHBIM KpUTeprueM KadeCTBa YIIpaBJIeHUA
1 t1 t1
I=5 [ [ 4B s Blsso). Ela(sa)l)+
to to

C(s1, 59) E[u(s1)|Efu(ss)]]ds1dsy + %(GE[x(tl)], Elx(t1)]) (3)

B1ech t — BelecTBeHHAas lepeMeHHast (BpeMs ), to, t1 — 3a/laHHbIe YUCIIa, X SIBJISAETCS N-MePHON
BEKTOPHOI dyHKImeit, A — 3ajJanHas BellecTeHHas MaTpUIa pasMepa n X n, b — 3a aHHblii
n-MepHbIil BeKTOp, u(t) — cKansgpHas DyHKIus (yopaBjeHue), Ty — Caydailublii BeKTop, (-, )
0003HAYAET CKAJSPHOE NPOU3BEIEHKE, € — CAyYaliHblii IIPOIece, 3aJaHHblii XapaKTepUCTH-
qecknM dyukimonansoM ¥ (v), B(sy, s2) — 3aJaHHAs CAMOCOIpPsI?KEHHAs HeOTPHIATeIbHAST
maTpuaHas GyHKIms pasmepa n X n, C(sy, sg) — 3ajannas nojaoxuTeabaas Gyskims, G —
3a/laHHasg HeOTpUlaTe/IbHasd Marpuna pasmepa n X n, E[z(t)] oboznauaer maremMarnvyeckoe

OXKUJaHue CcJIy4ailHoro rporecca.

[Mocranoska 3aaaun. Haiitn maremarundeckoe oxujianne FElu(t)] nesasucumoro ¢ € ciy-
gajinoro mporecca u(t), mpu KoTopom (pyHKIMoHAT (3) IpUHUMAET HAUMEHbIIee 3HAYeHUe U

IIPU 9TOM BBIIONIHAIOTCA yesroBus (1), (2).

Brenem dynkimio x(s) = x(to, t,s) Hepemennoii s, Koropast pasta sign(s—ty) ec/u s upu-
HAJUICZKUT OTPE3KY ¢ KOHIAaMI min[ty, t], maz|ty, t] u paBHa HyI0, €CM § HE TPUHAJTICKUAT

YKa3aHHOMY OTPE3KY.

Teopema. Eciin Efu(t)] aBiasercs pereHreM 3a/a49u, TO OHO YIOBJIETBOPSIET HHTETDAIb-

Homy ypasHeHuio @pejiroabma

[ W osias = ro
R
W)= [ [ (B0 (i) AN Bl (i, ) AW s +
O(s,1) + (G —in(s, 1) AW, B(—ix(t, 1) AD),

F(t) = —/I(B(sl,sg)w(—ix(to,sl)A)E[xo],w(—ix(t, S9)A)b)ds dsy

to



O crammoHapHOM paclipejle/IeHIH IPoIiecca
00CTY?KIUBAHNS HEOPINHAPHBIX ITOTOKOB € pa3/e/IeHIEM
BPEMEHM IIPU TOPOT'OBOM aJITOPUTME TTEPEKJTIOUYEHUS

A.B. 3opun

1 Bsenenne

[TpuopureTHbIe CUCTEMBI 00C/TY )KUBAHUS C JIMTHAMUIECKUMU [TPHOPUTETAMH (T.€., IPUOPUTETHbI-
MU HHJIEKCAMU OYepejieil, 3aBUCSIIIM OT UX JIINH B MOMEHT IIPUHSITUS PEIIEHNUST) 1 TTOBTOPHBIMI
TpebGOBaHUSAMI, PACCMATPUBAINCH B paboTax |1, 2, 3]. OHu ABIAIOTCS aJIeKBATHBIME MOJIEISME
JIUIs TIPOTIECCOB 00pabOTKN MHGOPMAIME B BBIYUCIUTETLHBIX KoMILTeKcaX. OCHOBHOW pe3yiib-
TaT STUX UCCJIEJIOBAHIE COCTOUT B CJIEIYIONIEM: AJITOPUTM HA3HAYEHUs [TPUOPUTETHBIX MHIEK-
COB, JIJIsI KOTOPOro OY/JIeT MUHUMAJIbHBIM MATEeMATHIECKOe OXKUJIAHUE CTOUMOCTU MPeObIBAHUS
B crucTeMe Beex TpeboBaHmil (3a eMHUILY BPEMEHHU WK 3a OJIMH pabounii akT 06C/Iy KIBAIOIIEro
YCTPORCTBA), SIBJISIETCST KITACCUIECKOE TIPABUIIO TIOCTOSTHHBIX IIPHOPUTETHBIX HHJIEKCOB, KOTOPBIE
HA3HAYAIOTCSA 3apaHee IO JTaHHBIM O CPEIHUX JJIUTEJHHOCTIX OOCIYy’KUBAHUS M O CTOMMOCTSIX
npeObIBaHUS WHIMBUyaIbHBIX TPEOOBAHMIT 38 €MHUILY BPEMEHH.

B T0 ke BpeMs, IPeJICTaB/ISIIOT UHTEPEC U JApyTUe 338491 onTuMusaiuu. B pabore [4] perna-
Jlach 3a/1a4a MUHUMM3AIIUUA CPEJIHEr0 BPEMEHU JIOCTHXKEHUS ITPOIECCOM 3a/IaHHOTO MHOXKECTBa,
cocrognuii. [Ipu cnermabnom Bujie obJracteii pa3peniennoil, huHaIbHON U 3alpeIentoil, nau-
JIy9IITe Pe3yIbTaThl (10 CPABHEHHIO C TIPHOPUTETHBIM aJTOPUTMOM U AJTOPUTMOM OOCITY JKHUBa-
HUsI CaMOii JJIMHHON Ouepejin) MOKa3bIBaJl «[IOPOTOBbIii» aJropuTM. B ¢BA3M ¢ 9TUM, ecTecTBeH-
Ha 3aJlava aHaIu3a MIporecca OOCTyKUBAHUS B KJIACCE MOPOrOBBIX aJropuMoB. B Hacrosieit
pabore Oyier pemarbecs 3ajada olpe/esieHns] (BbIYUC/ICHNs TUCIEHHBIMU METOJIAMU) CTaIuO-
HAPHOI'O PACIIpe/Ie/IeHIs B TEPMUHAX IIPOU3BOIAIINX (DYHKIINI, 9TO B JIaJbHEHIIIIEM ITO3BOJISIET
HAXOJ/IUTh TEOPETUYECKUE YUCJIOBbIE XapaKTEPUCTUKH ITPOIeCcca OOC/TYKUBaHUS U JIJINH O4Yepe-
Jiell YUCIeHHBIMI METOJaMU TeOPUN (DYHKITHI KOMIIJIEKCHOTO ITePEMEHHOTO.

2 IlocraHoBKa 3a1a4m

B cucremy mocrynaior jiBa HEOPIMHAPHBIX IIyacCOHOBCKUX 1oToka 11y, Ily. MHTencuBHoCcTDb 110-

CTyIJIeHud rpymn Tpebosanuii o noroxy II;, 7 = 1, 2, pasna \; > 0, a BepogTHOCTb IIPUXOJIA
o

rpynmst pasmepa n pasua f(b,j) = 0,b=1,2,...; > f(b,j) = 1. Tpebosanus noroxa II;

b=1
HocTynaroT B HakonuTesab (O); HeorpanmdeHHON BMecTHMOcTH. OOciyKuBaHUe TPEOOBAHUA N3

ogepesn O; IMeeT SKCIIOHEHINAIbHOE pacupesenenne ¢ mapamerpom ;. Obcyzkennoe Tpedo-
BaHue u3 odepenn O ¢ BEPOATHOCTBIO Dj, HOCTYIAET Ha HOBTOPHOE OOC/Iy’KUBAHUE B OYePEIb
O,,r =1, 2, a c BepoaTHOCTBIO Djo = 1 —p;1 —pj2 = 0 moknjaer cucremy. Ilocie kazxKioro akra
obciryKuBanus TpeboBanust u3 odepeau O; 0bCIIyzKHUBAIOIIee yCTPOHCTBO HPOU3BOAUT Ollepa-
IIUIO BHYTPEHHEHT TepeHasIa/IKu, JIJINTEeTbHOCTh KOTOPO pacipeieieHa 1Mo MmoKa3aTebHOMY pac-
IpeIe/IEHNIO C TapaMeTPOM Bj- Ecan B MOMeHT OKOHYaHUS TIepeHaJIaIKH JJIMHBI Ovuepe el omnu-
CBIBAIOTCST HEHYJIEBBIM BEKTOPOM (1, T2), TO Ha 00CIIyKUBaHUe BHIOUpaeTcs: TpebOBaHUE U3 OUe-
peau s = h(xy,z3), tae h(-,-) ecrb 3aanHOe OTOOPaKEeHe HEOTPUIATEILHON TI€I0UNCIEHHOM



pemerkn X = {0,1,...} x {0,1,...} ma muoxecrso {0, 1,2}, npuaem paserctBo s = h(xy, )
Biiever T, > 0, a npoobpazom Touku () siBjIgeTcst TobKo Hysesoit Bektop 0 = (0,0) u3 permerkn
X . Ecam mmocsie OKOHIaHus ePeHaIaIKi O9ePEIN ITyCThI, OOCIYKIBAIOIIEE YCTPOHCTBO IEPeXoO-
JIAT B PEXKUM OXKHJIAHHUs MOCTYIIJIEHUS HOBBIX TpeboBanuii. [Ipu mocTyIIeHnn nepBoii rpy st
TpeboBanuil B IyCTYIO CHCTeMY MTHOBEHHO HAYMHAETCS 00CTy?KUBAHME OJHOTO U TpeboBaHuil B
IpyIIe, OCTAJIbHbIE 3aHUMAIOT MECTa B OYepeid, COOTBETCTBYIONIElH II0TOKY.

IIycrs k;(t) — umcno Tpebosanmit B odepenu O; B Moment t = 0, k(t) = (ki1(t), ka(t)).
Beegem muozxkecrso I' = {T'O T TMWY cocrogmmii 06cIy»KIBAIONIEro YCTPORCTBA; 316Ch
I'® ecth cocTosHme oxxmmanus Ipuxojga HOBoro Tpebosamus, B coctogumun ['U) mpu j = 1,
2 mponcxonur obcirykuBanue tpebosaius ux odepean O;, a mpu j = 3, 4 OCyIIECTBIISETCS
aKT HepeHasIa KU 1ocae obciyRuBanus TpeboBanus u3 odepeau O;_o. CorydaiiHblii eMeHT
['(t) € T" 3amaer cocrostHue 0OCTYyKUBAIONIEIO YCTPOHCTBAa B MOMEHT ¢ 2> 0.

IIpormece {(I'(t),k(t));t > 0} aBiaseTcsas OAHOPOAHBIM MAapPKOBCKUM. Ero mpocTpaHcTBO CO-
crostamit MozkHO B3aTh B Buje {(['(©0,0)} U{TW TA TG THWY x X x X. Obozmaumm

Qroa,z5t) = PUL(E) =TV k(1) = (1,22)}); fi(x) =) 2"f(bd), [ < L

U(zy, 29,73 t) = E(zfl(t)z?(t)[(f‘(t) = I‘(’"))) = Z Z 21 252Q(r ke t),  |21| < 1z| < 1.

x1=0 x2=0

Teopema 1. Jlaar =1, 2 umerom mecmo ypasHeHUuA

%\If(zl,zg,r;t) = W(21, 22,75 8) (A (f1(21) — 1) + Aa(fa(22) = 1) — B,)+

+ Z BB (52O 1({D(1) = T bk (1), ka(t)) = 71)) + A fr(2)Q(0,0,058), (1)

%\1’(2172272 +7it) = W(2y, 20,2 + 1) (A (fi(21) — 1) + Aa(fa(22) — 1) — B.)+
—f—/BTZ,,,_l(l _’_pnl(zl - 1) +pr,2<22 - ]-)>\IJ(ZI7 Z9,T, t)) (2)
d

EQ(Ov Oa 07 t) = _()\1 + AQ)Q(()) 07 07 t) + BIQ(37 07 Oa t) + BQQ(47 Oa 07 t) (3)

3 O pemiennn cralilioOHAPHBIX YpPaBHEHMIA

B nanbneiimem Hac Oy/lyT MHTEpecOBaTh CTAIMOHAPHBIE BEPOSTHOCTH, BHIOpAB KOTOPHIE B Ka-
JecTBe HaYaJbHBIX TOJTYIUM

Q(r, x1,22) = tliglo (7, 21, 023 1), (21, 22,7) = tlggo (21, 22,73 1),
O6osnaumm wepes ji; = fi(1) cpennmit pasmep rpymib o notoxy II;. Beemem Bextopwr un
MaTPUILY
S oA 10
-1 p-1 -1 p-1 111 P11 P12
- ) Y - Y ) A - ) - ' ’ ) I - N
p=rt G=0rah A= () a= (B e 1= ()

[Tycrs marpuna (I — Q) obparuma.

Teopema 2. Hmerom mecmo coOmHOWEHUA
Q<07 07 0) =1- (ﬁ + 6)(1 - QT)_I/_\a

2



BBI-QN) A - (LT - Q)™

U(1,1,1) =

62 61} ’

Ty—1Y Ty—-1Y
Bg B

T Ty\—-1Y
Bz B

TY\—1Y R R Ty\—-1Y
Bo — B

Omu gopmysve ne 3asucam om dyrnkyuu nepexaroverus h(-).

[To/b3ysich MeToIOM U3 paboThl [4], MoxHO joKazaTh, uro yeosue (8 + 8)(I—QT)™1h < 1
ABJId€ETCA HeO6XO,HI/HVIbIM 1 JOCTAaTOYHBIM JIJIA CymeCTBOBaHI/IH CTalluOHapHOI'O pacCIIpee/IeHusd.
PaccMoTpuM aropuTM IOPOroBoro Tuia: mycTh L > 0 — mesoe

1, ecmxy > L wm axy =0,21 >0
h(z1,29) = ¢ 2, ecm oy < L,y >0
0, ectmxy =25 =0
B sToMm cirydae, MMEIOT MECTO COOTHOIIEHNUST (B CTAIIMOHAPHOM CJIydae):

E(" V2O () = T, bk (1), k() = 1})) = (21, 22,2 + 5) — T(0, 22,2 + j)—

k ak
_Z ARE = (W21, 20,2+ ) — ¥(21,0,2 4 j)) o’
E (222 t>1({r( t) = D) k(1) € Xo})) = U(0, 29,2 + 5) — (0,0,2 + 5)+
+2L321 o (21,22,2+j) — '
o 821 1, 22, J)—¥(z1,0,2+ 7)) o’

U(0,0,2+j) = Q(2+5,0,0).

Permenne cramponapHbIx ypaBHEHUN B JJAHHOM CJIydae BeJEeT K 'POMO3JIKUM BBIYHCICHUSIMU, B
CJEICTBUE YEro OKA3bIBACTCH 3aTPYAHUTE/ILHO aHAJUTUYCCKU BBIACHATDH BOIIPOCHI O pPa3pellu-
MOCTH HEKOTOPBIX BCIIOMOTaTe/IbHBIX YPaBHEHHUT, 0 ducje ux perreruii. B mokiane obcy K iaercs
BO3MOXKHOCTB HCIIOJIb30BaHUsI CUCTEM CUMBOJIBHBIX BBITUCICHUN U KOMITLIOTEPHO ajredphbl J1JIs
perennd yKa3aHHOW 3a1a4u.
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IIycrs H cenapabenbHOe ruib0epToBO IIPOCTPaHCcTBO U A meficTByomuit
B HEM IIOUTH CEKTOPUAJILHBII OlIEPATOP IOPK IO aHAIUTUIECKYIO
nosyrpynny T'(t).

Paccmorpum B H spobnyio 3amaty Komn

DX (t) = (AX(t)+F(t, X (t)))dt*+b(t, X (t))dW (¢),t € [0,1], X (0) =&,
(1)

e DY - npobGHast mponsBogHas Kamyro nopsiaka a,0 < o < 1, W (t) -
BUHEPOBCKUH IIPOIIECC CO 3HAYEHUSIMU B HEKOTOPOM JIPYTOM CenapabeibHOM
BeKTOpHOM TpocTpanctse H'. F(t, X) - or6paxkenne us H B H, B(t, X)
- oneparop geiictByomuii u3 H B IPOCTPaHCTBE JIMHEHHBIX OIIEPATOPOB
TumsGepra-vmra Lis(Hy, H).

Iycts (2, §, P) - BeposgTHOCTHASI TPOTiKa ¢ HOPMaJIbHOI buibrpalueit
St,t > 0.

C 10YTH CEKTOPUAJILHBIM OIEPATOPOM 1’ CBSI3aHBI CJIEIyIOIIHe TPH
CeMeCTBa, OlIePaATOPOB, & UMEHHO

T(t) = 2%” /eftzR(z,A)Dz,t >0 (2)
S, = % /Ea(—zto‘)R(z,A)Dz,t >0 3)
r
P,(t) = 2%” /ea(—zta)R(z,A)Dz,t >0 (4)
T

rJle KOHTYPHBI naTerpay ' OpueHTUpOBaH IPOTHB 9acOBOH CTPEJIKH,
E,(z),eq(z) - dyuxm Murrar-JIedpdiepa, 0 < a < 1,z € C.

M. Unonos, dx.I11. Paxmaros, C.M. Jlamkap6exos
2© (Oyman6e, IMPHAT HAHT), 2021



Bamumewm 3amaay Kommu (1) B unTerpansHoii dbopme

X(t) =€+ ﬁ/@ (t - 5)°~ [ Aa(s) + F(5, X(s))]ds+
1 K a—1
*ﬂ@[k“”) B(s, X (5))dW (s),

e X-uckoMmbiii H-3Ha9HBIN corydaitublil IpeickasyeMblii poriece, & —
Fo-usmepnMasn H 3HauHas ciydaiiHas BeJudnHa, A MOYTH CeKTOPHAIbHBII
orepaTop MopozKIaromuii cemiictsa oneparopos (2), (3), (4); orobpaxkenue
F(t,X(t)) : H— H;Q-neorpurareabHblii onepaTtop ciaeia B H! taxoii,
uTo Qe; = szej, Z;’;l ojz < o0; oneparop B(t, X (t)) - oueparop I'nibbepra-
IIvuara w3 npocrpancrsa HYy = QY2 H! ¢ nopmoit [|h]|g = |Q~ A
B mpocTpancTBo H, masiee mpocTpancTBo onepaTopos ['uinbepra-IIImuara
u3 Hcl;, B H 6ynem obosnagats Lrs; W(t),t > 0 — H! - snaunsrii Q -
BUHEPOBCKUIA IIpolLecce.

ITpu dpurcuposarrom T’ > 0 3a1aHBI CIEIYIOIINE YCIOBUS HA KOI(PMUITUEHTHI
F, B:

(i) orobpaxenune F : [0,T] x Q@ x H — H, (t,w,z) — F(t,w,x)
usmepumo u3 (Qr x H,PBp x B(H)) 8 (H,B(H));

(ii) orobpaxenne B : [0,T] x Q x H — Lyg, (t,w,z) = B(t,w, )
mamepumo u3 (Qr x H,Pr x B(H)) B (L1s, B(Lus));

(iii) cymecrByetr Takas nmocrosHuasi ¢ > 0 uro F'(+) u B(+) y/I0BIE€TBOPSIOT
yeaoBusiM JIummuma n mHeHOro pocTa:

”F(t’wa {ZZ) - F(taway)”H + ”B(tvwa :E) - B(taway)nﬁ < CH.T - y”Ha
IF(tw,2)lF + 1Bt w, 2)lI3,,, < C*(A+ |zllF),
(5)
e,y € H,t € [0, T],PBr - npejckasyemast o-anrebpa va Qr = [0, T] X
Q.
Ipenckasyemsrit H-3naunsiit nponece X (t),¢ € [0,T] naspiBaercs
csiabbiM perrenneM 3aaau Komm (1), econ

P(AWMﬂﬂu<w)=1

JUIS HOYTH BCeX w, st Jjiroboro ¢t € [0,7] u mus soboro y € D(A*)
CIIPABEJINBO PABECTBO



<y X(1) >=< y.£ > +ﬁ / (t-5)""1[< A*y, X(s) > + <y, F(s, X (5)) >]+

1 t
+= <vy,B(s,X(s)) > DW(s). 7
| <9 BeX @) > W) 7
Ipenckasyemsrit H-snaunsrit mponece X (t),¢ € [0, 7] nasbsaercs
MATKUM pemenneM 3agadu Komm (1), ecin Beimossenst (1) u (6),
kpome Toro, X (t) must moboro t € [0, 7] yaoBIeTBOPSET YPABHEHUIO

X(t) = Sa(t)¢ + /0 (t —s)* 1P, (t — s)F(s,X(s))ds+

+/ (t —8)* 1P, (t — s)B(s, X (5))dW (s). (8)
0

Teopema 1. [Tycms £—Fo-usmepuman H-3naunas cayvatinas sesuvuna
w yeaosus (1)-(i11) evnoaneno. Toeda cywecmeyem maekoe pewenue X
sadavu (1) eduncmeenroe ¢ MmouHOCMBIO 00 IKBUBAAEHMHOCTIU CPedy
nPoYEccos, Yoo8ALMBOPAIOUWUT Ycao6uto (6).
Teopema 2. ITycmv X H -3Haunvitl npedckadyemvill NPoUECce ¢ UHMe2PUPYeMbLMU
mpaexmopuamu, onepamop A mopoocdaem cemeticmen 02paHueHHLT
onepamopos (2), (3), (4), onepamop F (s, X (s)) - omobpasicerue us H
6 H, onepamop B(s, X (s)) ydosaemeopsem ycaosuio cyu,ecmeosaus
unmeepana Umo, mo ecmw

E/O It = 8)* 7 Pa(t — 5)B(s, X (5))[*Lrs (Hgy, Q) < oo

Eciu st smoGoro ¢ € [0, T uy € D(A*) pemenue X (t) yaoBreTBopsieT
pasenctBy (7), Torma X (t) ymosmerBopsier paBeHCTBY (8) u o6paTHO.

B nerepMmuHEpOoBaHHOM cirydae abeTpakTHas 3amada Komm ¢ moutn
CEeKTOPHAJILHBIMU OIlEPATOPaMU MOAPOOHO n3yveHa B [1]. AGcTpakTHBIE
CTOXaCTUIECKHE YPABHEHUS! C IIEJIBIMH [OPSIKAMI POU3BOJHBIX U X
[IPUJIOKEHUS pacCMaTpuBaloTcst B 2], [3].
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O ITOBEPXHOCTAX IIOYTHN OTPAHNYEHHOT'O NCKPUBJIEHU A
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Pacemorpum mocsie10BaTEIBHOCTE TIASKUX TMOBEPXHOCTEH Sy, €O CIeAYIOIIMMEI CBOT-

CTBaMU:
e [,, I, — nepBag u Bropad OCHOBHbIE (DOPMBI TTOBEPXHOCTH Sp;

e [, TOMOXAUTEILHO OTIpEIeIeHa I JIF0O0TO Nn;

(n)

. n
o lim, 9i; = 9ij> TO €CTh METPUKHU Ha Sy PABHOMEDHO CXOASTCA K METPHUKE Ha

npeJieIbHOH MoBepXHOCTH S

(n)

o ko3 durmenTsl BTOpuIx dopm 11, bZ-J W UX JaCTHBIE TTPOW3BOIHLIE CXOAATCS TIO

vepe Bunepa B Lo.

[Ipenenbuyio MOBEPXHOCTb C IPEIEJIBHBIMK YK€ OCHOBHbIMK (popMamu Oyiaem Ha3bIBATh

IIOBEPXHOCTDBIO IIOYTH OI'PaHUMYICHHOI'0 HCKPUBJICHNA.

Teopema 0.1. Ha noseprrocmu noumu 02paHUNEHH020 UCKDUBACHUSL UMEET MECTNO YPaS-

Hernue F(lyCCG, 6 CAabOM cMbICAE.



Pricing double barrier options under Lévy processes of unbounded variation
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The most popular path-dependent options are barrier options, which include double barrier
options. Let a stochastic process S; be a model for the chosen stock price dynamics. Recall that
a double barrier option on the stock is a contract which pays the specified amount G(Sr) at the
terminal date T', provided during its lifetime, the price of the stock does not cross specified constant
barriers D from above and U from below. When at least one of the barriers is crossed, the option
expires worthless, or the option owner is entitled to some rebate.

From a probabilistic viewpoint, one can express double barrier option prices in terms of condi-
tional expectation on a payoff function that depends on the underlying stochastic process and its
extrema. Notice that the known results on pricing double barrier options are rather limited. In
analytical terms, the option pricing problem under consideration leads to a matrix Wiener-Hopf
factorization (see details in [3]), which is not analytically available yet. To treat the problem in
general case numerically, one should apply the Laplace transform (or the Carr’s randomization),
then solve two coupled complex integrodifferential equations that require complicated approximate
formulas for the Wiener-Hopf factors. The overview of the existing numerical methods can be
found in [2, 5, 6, 8, 11, 9, 12, 10]. Therefore, pricing double barrier options in exponential Lévy
models remains a computational challenge.

In the paper [10], the author suggested a new approach for pricing exotic options with a payoff
depending on the infimum and supremum of Lévy processes at expiry. The method suggested makes
it easy to implement such a sophisticated tool as the Wiener-Hopf factorization for general Lévy
models with jumps of finite variation. The goal of the current paper is to extend the approach from
[10] to pure non-Gaussian Lévy processes with jumps of unbounded variation. The main advantage
of the method is applying semi-explicit Wiener-Hopf factorization formulas.

A Lévy process is a stochastically continuous process with stationary independent increments
(for general definitions, see, e.g., [4]). A Lévy model may have a Gaussian component and pure
jump component. A Lévy process X; can be completely specified by its characteristic exponent, 1),
definable from the equality E[e“X®)] = ¢~ (we confine ourselves to the one-dimensional case).

The Lévy-Khintchine formula gives the characteristic exponent of a pure non-Gaussian Lévy
process:

vk + /R (1 € 4 ity ) (2))TI(de), 1)

where 7 € R is the drift, 14 is the indicator function of the set A, and the Lévy measure II(dz)

*Corresponding author
Email address: koe@donrta.ru (Oleg Kudryavtsev)



satisfies [ min{1, 2?}II(dz) < 4o0. If the condition

/ min{1, |z|}I(dx) < +o0. (2)
R

does not hold, then the Lévy process X; is of unbounded variation.

Let T, K, D,U be the maturity, strike, the lower barrier, and the upper barrier, and the stock
price S; = De** be an exponential Lévy process under a chosen risk-neutral measure which is
pure non-Gaussian with jumps of unbounded variation. Without loss of generality, we confine
ourselves to a double barrier put option. Set the riskless rate and the dividend rate equal to r
and d, respectively. We consider an approach to pricing continuously monitored double barrier put
options without rebate under a Lévy process with the characteristic exponent (1) that does not
satisfies (2).

Let us introduce h = InU/D. Then the payoff at maturity is 1o ) (X7)G(Xr), where G(r) =
(K — De"),, and the no-arbitrage price of the double barrier put option at the beginning of a
period under consideration (¢t = 0) and X; = « with x € (0, h) given by

V(T,2) = B [ 1y, nolx, o, G(X1)] | (3)

where T is the final date, X, = info<s<t Xt and X; = Supg<s<¢ Xt are the infimum and the
supremum of the process Xy, respectively. The short-hand notation E*[-] means that we take the
expectation conditioned on the event Xg = X, = X9 = x.

Theorem 1. Let N be a sufficiently large natural number. Set ¢ =T/N, vo(q,z) = G(x)1( ) (),
and formn =1,2,... define

vn-1(q, X1,,)

oD = | T

15Tq+r>olqu+r<h ) (4)
where the random time Tyi, ~ Exp (¢ + ).

For a fired x, vn(N/T, x) converges to V(T,z) as N — +o0.

We prove Theorem 1 by using Laplace transform techniques and Post-Widder approximate
formula. Thus, we need a method to compute efficiently the right hand side of (4).

The new approach to calculating (4) requires the following steps. The key idea behind the
method is to represent the process X; as the sum of spectrally positive jumps X;r with a non-
negative drift and spectrally negative jumps X, with a non-positive drift: X; = X," + X, .

Let Xj 1 and X;L 2 be Lévy processes with the same characteristic exponent, i.e. X;r SN
X" and X, 2~ X,;". Due to the property of increments of a Lévy process to be stationary
independent and characteristics of the supremum and infimum processes, we conclude that X; and
Yi(= X?_/Ql + Y;zl +X, +X; +X :;’22 + Y;;) are identically distributed.

Let a natural number N be sufficiently large and ¢ = N/T'. Since the randomized time T},
converges in mean square sense to 0 as N — 400, we may approximate X7, in (4) with Y7, .
Notice that T,4,/2 is also an exponentially distributed random variable but with the intensity
parameter equal to 2(q + 7). We show that X}; ) and XT_q . admit semi-explicit Wiener-Hopf

factorizations.



Theorem 2. Let g > 0 be sufficiently large. Then for a fixred £ € R

B[ X T — Bl T)] ~ O(q72) as ¢ — +oc.

Based on Theorem 2 we suggest the following numerical procedure for computation of (4).

Theorem 3. Let a natural number N be sufficiently large and g = N/T. Introduce the following
operators:

Etulw) = Elu(z+ Xy, )], EXulz) = Elu(z + X7, )];
Exu(x) Ex[u(i;ﬁrﬁ)], E-u(x) = Ex[u(x;ﬁr)].

One may approximate vy (q,x) in (4) as follows:

_ Lon()

vp(q, x) = 75f1(0,h)515f1(07h)5:5;l(o,h)é’ivn,l(q, z) 4+ 0(¢7?) as ¢ — +oo.

(1+7r/q)

The operators £F, T, &, and &~ can be efficiently implemented by using the Fast Fourier

Transform (FFT) for real-valued functions (see e.g. [11]).

In the paper, we suggested a new approach for pricing exotic options with a payoff depending

on the infimum and supremum of Lévy processes at expiry. The method suggested makes it easy
to implement such a sophisticated tool as the Wiener-Hopf factorization for general Lévy models
with jumps of unbounded variation.
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Hassanue doknada: Bemesaweeca cayuaiinoe 6ayscdanue 6 CAywaiinoli
cpede ¢ 2ymbenescrum noOmeHyUaALOM.

Aemopwi: Kyuyerko Baadumup Aaexcandposuy (dokaaduuk), posas Ene-
na Bopucosha.

PaccmarpuBaercs Berssiiieecsi ciydaiinoe Osyxkjanue (BCB) ¢ nempe-
puIBHBIM BpeMeneM Ha pererke Z4, d € N. IlycTh B KasKIOM y3Je perreT-
ku r € Z% onpenenen mporecc poxkjeHua u rubemn gactui,. [Ipemamoio-
JKUM, 9TO JaCTHUIA MOXKET JeJIUThCAd HaBoe Wi ruOHyTh. COOTBETCTBYTO-
I[Fie THTEHCUBHOCTHU 3aJIaHbl HEOTPUIATEIbHBIMU CJIYIaiHBIMU BEJIMINHAMA
EH(z) = M (r,w) nu £ (z) = £ (z,w), ONpEIeJIEHHBIMI HA BEPOSTHOCTHOM
npocrpancrse (), F,P). Maremarnieckoe OKUJIAHUE OTHOCHTEILHO MEPBI
P o6ozmaumM yriioBeiMu ckoOKamm (-). CirydaiiHoii cpemoil Ha30BeM COBO-
KYIHOCTb Iap ciaydaiinbix Beqmann (7(x), & (x)), napsl npocTpaHCTBEHHO
HE3aBUCUMbBI U OJIMHAKOBO pacipeieseHbl. Cayuatinoviti nomeHyuas B KaxK-
noit Touke ¥ € Z¢ onpenemum kak V(x) = V(z,w) = £ (x) — £ (). Pea-
JIN3AINIO CPebl Ip PUKCUPOBAHHOM w € {2 Ha3oBeM ‘“‘3amMopoxkeHHONI”. Kak
B [2] 6uryzknanme gacTuIL O perneTke OMUChIBAETCS TIPOCTHIM CUMMETPUIHBIM
CJTyIaiiHBIM OJIYKIaHUEM, TP KOTOPOM YaCTUIA C PABHOM MHTEHCUBHOCTHIO
[IEPEMEIAETCS B OJIHY U3 COCEJIHUX TOYEK PEMIETKU. DBOJIONUS YACTUIL TIPO-
HCXOUT HE3aBUCUMO JIPyra OT JPyra U OT BCEH IIPEeIbICTOPUN.

Mopens BCB. B momenT Bpemenu ¢t = () Ha perreTke HAXOIUTCS POB-
HO OjiHa vacTulla B Touke ¥ € Z%, koropast 3a Bpems [0,h), mpu h — 0,
MOZKET: HPBIFHYTh B COCEIHIOI0 TOUKY Y C BEPOATHOCTBIO 557 + o(h), mpoms-
BECTH OJIHOIO TOTOMKa ¢ BeposTHOCTBIO {1 (2)h + o(h); ymeperb ¢ BepoaT-

Hocteio £ (z)h + o(h), nan, HaKoHeIl, BRIXKUTH 0€3 M3MEHEHUil ¢ BEPOSTHO-



crbio 1 — sch — (€1 (x) + €7 (x))h + o(h). Cocrosinue cucrembl yacTur Ha Z%
OIMCBLIBAETCA YUCIIOM YACTHIL [, (y) B MOMEHT BpeMmenu t B Touke y € Z¢
a Takzke OOIIMM YHCIIOM YACTHIL = (y) na Z¢ mpn nagasn-
Mt,w . yEZd Mt,w Yy p
— J— 111
HBIX YCJIOBUAX [lg,(Y) = 0y(z) 1 pow = 1, coorBercrBenno. “Bamopooicen-
2 .
nwe” (quenched) momentsr mopsinka n, cM. |2, 3], aBiastores ciaygaiHbIME
W ONPEJIENIAIOTCA KaK My (t, 2, y) 1= my(t, 7, y,w) = Eouf, (y);mn(t,x) =
my(t, z,w) = E,uf,. 3mecs w orHOoCHTCH K (DUKCHPOBAHHOM (<«3aMOPOKEH-
HOIf» ) peasmM3aIu CIyJailHOl CpeJibl, a T eCThb IOJIOXKEHNEe HaYaIbHOM 1a-
crutipl ipu ¢t = 0. “Omoorcorcenvie” (annealed) momenter mopsiika p > 1

onpezensitorcs Kak (mP (t, x,y)) u (mP(t,x)), COOTBETCTBEHHO.

Teopema 1. [lycmo In P(V(0) > 2) ~ e %, z — 00, moeda 6 BCE das
(mP(t,,y)) u (mP(t,x)) npup > 1 u kancowzr v € Z¢ uy € Z¢, d € N,

uMeem
In (m2) B

im =
t—oo pntlint

JlokaszareabeTBO TEOPEMBI Jist (M) € IBYMs TUIIAME HAYAIBHBIX YCIOBHIA
up(z) = mq1(0,2,y) = dy(x) mwm up(x) = my(0,2) = 1 ocHOBAHO Ha pelIeHNH
3a1a9n Ko

omy = 2Amy +V(2)my, (t,z) e Ry x Z°
ot (1)

my = UO(IL’), S Zd7

e » > 0 u omepatop #A : 19(Z%) — 19(Z4), 1 < q < oo, aBageTCAa pereT-
gareiM JamtacuasoM |2, [3]. Pemenue samaun Komm (1)) moxer 6biTh npe-

crasieno |1 2 B] mo dopmyne Penmana-Kara. [Tpu ug(z) = 1 ono mpumer

u(t,z,0) = E [exp {/OtV(xs,w) dsH | 2)

BUT



rje Ty — Cciaydaiinoe OyKIaHnWe ¢ TeHepaTopoM A\, a MaTeMaTHIeCKOe
onyxnanue E, 6epercss OTHOCUTE/THHO TPACKTOPHIl CIYIaliHOTO OJTY 2K TaHMS
PN YCJIOBUH €ro crapra B TOUKe x. I10/IX0/pl K OIleHKe 9TOro IIpejicTaBiie-
Hus npeoxkensl B [I], B KoTopoit cchopMysipoBaHbl OCHOBHBIE KAueCTBEH-
Hble pe3ysbraThl 0 noBegerun my u (my), p > 1. B [2] 6buiu ganbl TouHble
acuMIOTHKY 1A mP u (mb), p > 1, n > 1, nad ciydaifnoro moreHnuaa
V(0) ¢ Beiiby/1oBCKIM XBOCTOM pacupejiesenus. Hakoner, /j1s1 HEOIHOPO/I-
HOfT cirydaifHolt cpe/ibl pe3ysbrarsl Oputn 06001mens! B [3]. Psax anropurmon

YHUCJIEHHOTO MOJICIMPOBAHNUS JIJIsT CIY9aiiHBIX cpen npuBejeH B [4].
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O HEKOTOPBLIX MapTUHTAJIbHBIX KOHCTPYKIIUSIX JIJIs
[TCH-nporneccon

A.B. JIroaunues
(Poccust, Cauxr-Ilerepoypr; CII6IY, MaTmex)

[Iycrs (§) = &,&1, ... — MOCTEA0BATENBLHOCTD CaydaiiHbix BeawduH, 11)(t) — myacconoBckwmii
IPOIIECC ¢ HHTEHCUBHOCTELIO A > 0 1 BpemenusiM napamerpoMm ¢ € R. [MociaenoBarenshocts (§) u
[T, mpeanoararoTcs HE3aBUCUMBIMHE.

Ciryuaitabrii mporece

OA(t) ==&y, t =0, (1)

nasbiBaercst [ICH-npoyeccom, Wi Npoyeccom nyaccoHo8ckozo cAy alinozo uHIeKca.

B cuyuae, Korja nocsieoBaTebHOCTh (£) MapKOBCKast, IPOLECC MyacCOHOBCKOIO CJIydaiiHOro
HHJICKCA SBJIAETCI HPOIECCOM IICEeBOMyaccoHoBcKoro tuma (cMm. [4]). M3yuens cpoiictsa [1CH-
IPOTIECCOB €O CIYYARHON MHTEHCHBHOCTLIO (CM. [2]), cmekTpasbmbie cpoiictsa [ICH-mponeccos
CO CrenuaibHOli pammomu3anueii BpemMenn (cM. [5]) u HEKOTOpBIE JIOKAJIBHBIE ACHMITOTHYECKHE
cBoiicrBa nocaegosarensbuocrein [ICH-nporeccos (em. [3)).

B mannom pabore paccmarpuBaercs unmezpuposantuiti IICH-npouecc:

\If,\(t) = /¢A(S) dS, t>=0. (2)

Ha ocoBanum npeasraymux pesyasratos (cm. [1], [2]) n3ydensl ocHoBHBIE CBOiiCTBA HHTErDH-
posannoro ITCU-nponecca, B TOM YmCIe BBIYUCIEHBI TJABHbBIE MOMEHTHBIC XapaKTePUCTUKHU. B
pabore [1| 6bIH paccMOTpeHbI CBOMCTBa caMoronobus aisg uarerpuposannoro [ICH-mporecca co
CJAYYalHON MHTEHCUBHOCTBIO.

Haiee, (£) — mocie0BATETHPHOCTD HE3ABUCUMBIX OJMHAKOBO PACIPEIETEHHBIX CIYIANHBIX Be-
quuand. Brogsres dunbrpanun, ecrectBeHHO nopoxK aeanabie [ICH-npomneccom n nHTErpupOBaHHBIM
I[MCU-mpomieccom. TTICU-mportece siBisieTcst MApKOBCKUM IIPOIECCOM OTHOCUTEIBHO (DUIbBTPAIn,
nopoxa¢uuoit FY = {o(1A(s)) }s<t, a uaTerpuposanubiit IICH-nporecc oTHOCHTENBHO (DUITBTPA-
nnn, nopoxkagunoi F¥ = {o(W,(s))}ecs, HE ABAAETCH MAPKOBCKAM.

PaccMoTpuM ABYMEpPHBI IIPOIECE (Q/JA(t), 1 A(t)) (MapKoBCcKas mapa) OTHOCHTENBHO (hUIbTPa-
wun, nopoxkasunoii FiY = {J(w,\(s), \If)\(s))}sgt. JlaHHBI TpOIIECcC SIBASIETCS MAapPKOBCKUM OTHO-
CUTEJIHLHO BBEJEHHON (DUIBTPAIINH {.7:;/”\1/}@0.

[TocTaBuM 3aja49y: MOCTPOMTH KOMIIEHCATOP st WHTerpupoBanuoro IICHU-mponecca, 910661
OTHOCHTENbHO ecTecTBeHHON dubrpamun {Fr " }1=0 CKOMICHCHPOBAHHBI IIPOLECE YIKe SBISICH
mapruarajgoM. OTBeT 1HoJIydeH, pe3yJabrar ¢hopMyIMPOBaH B TEOPEME HUKE.

Teopema 1. Tlycts (§) — mocsienoBaTeIbHOCTh HE3ABUCHMbBIX OJIMHAKOBO PACTIPEIETEHHBIX CJIY-
vajinpx pemann, E&y = 0. Ilycrs dunprpamus F mopoxmena FiY = {o(¥r(s), Ux(s)) }s<:- Torma
nporece AV, (t) + 15 (t) mpu t > 0 gBisteTcss MAPTHHIAIOM OTHOCHTENbHO F: B ety MapKOBOCTH
g s <t

E{AWA(E) + 0a(t) [Ua(s), Ua(s) } = AWA(s) + ¥a(s). (5)
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BeposiTHOCTHOE MOZEJIMPOBaHNE CETEBOI KJacTepu3anun
A. Maxkaposa, B. I'opsioB
r.Boponexx

B pamikax perrenust 3ajiaqu 110 pa3paboTKe ajropurMma obIeil cXembl BBIJEJIEHUSI CETEBBIX KJIaCTEepPOB,
ObLIa pelneHa 3aJava, HaXOXKIeHus Haumbosee 3hdEKTUBHOrO pasbuenust ceTu (ONpeJe/IeHnue MOKa3aTe st
Ka4yecTBa Pa3OMeHUs] CETH ).

Paccymorpum muoxkecTBO @ BCex BO3MOXKHBIX pasdneHnii MHOXKecTBa BepiruH rpada V. Pazbuenne M € &
- pa3buenue n BepIMH HA M KiacrepoB. Oupenesnm Jyist pazbuenus M HekoTopoe uncsioBoe 3uaderne L(M)
- BEPXHIOIO T'PAHMUILY JIMHBI KOJZOBOI'O CJIOBA, OLPEIEJISIoNero Kadecrso pasouenus M. Ilycrs Teneps L(M)
- TIOKa3aTesb KadecTBa pasdouenus M.

Omnpenenum s cetn GUKCHpoBanHoe pa3buenne M Ha HEKOTOPBIE KJIACTEPHI, TAKXKE OIPEIETUM HEKO-
TOPYIO CIyYailHyIO BeJIMInHY (), IPUHUMAIOIIYIO 3HAYEHUs OT 1 JI0 m ¢ BepodgTHOCTsIMUA ¢;,rae ¢ = 1..m. st
BCEX KJIACTEPOB 4 CeTH OIIPEIETHM HEKOTOPYIO CIydaifnyio Beqmuuny P, npuanMaromyto snadenns ot 1 10
7; C BEPOSITHOCTSIME pf, rue k = 1..n;.

Pacuer mokaszaresns kauectsa pasbuenusi L(M) 3aBUCHT OT SHTPOIUH OIPEENEHHBIX BBIIIE CIIyIaiiHbIX
BemunE QQ u P?. B pesynbTare MCCiIEOBAHUA IIOIyUacM PACIIMPEHHOE IIOHUMAHHE IIOKA3ATes KAdecTBa
pas6uennst L(M):

m

LM) =Y gIn(d ¢)—2> aln(g) =D paln(pa) + > (¢ + > pa)n(gi+ > pa)- (1)
=1 i=1 i=1 a=1

=1 acl aci

Teopema

ITpu ucnoavzosanuu anrzopumma u Gopmyss, (1) eepoammnocms 0mKa306 6 cemMu CHUNCAEMCA, NOKA3A-
meav aexmusnocmu pacmem u "epema orcusnu cemu "so3pacmaem 6 ueaom.

Bamernm, uro B dopmyrte (1) craraemoe Y | po In(p,) He 3aBHCHT OT pasCHEHHS CETH HA KJIACTEPDL
B cBs3u ¢ wem B mporiecce paboThl aJITOPUTMa, € TEJIbI0 HAXOXKIeHUs Hanbosiee 3(pPEeKTUBHOTO pas3OUeHUsT
ceTu, TPeOyeTCs COXPAHATH BCE MOJIyYE€HHbIE N3MEHEHUs: ¢; - BEPOATHOCTD CJIyYailHOIO IepeMeIleHns BX0o1a
1 BBIXOJIa U3 KJIACTEPOB, U Y - _; Do - BPEMsI IIPOBOAMMOE B KaKJIOM KJIACTEPe [P CJLyIaiiHOM [ePEeMeIeHIH.

Ha 6a3e paspaboTaHHBIX aJrOPUTMOB U IIPOTOKOJIOB BO3MOXKHO PEAJIN30BATEH YCOBEPIIIEHCTBOBAHHYIO CETh
SDN [1,2].

Cnucok Jureparypbl
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2. Makarova A. V., Gorlov V. A. Stochastic analysis methods in SDN networks modelling, Communications on
Stochastic Analysiss Vol. 14 No. 1-2 (2020), pp.13-18.



CoxpaHeHue HEPTUu IIPU CJIy4YailHOM JIOKAJIbHOM BO3JeiiCTBUU HA
OOJIbIIYIO CUCTEMY

Meauxarn M.B.
Twvromop
MockoBckuit rocyzapcrsennbiit yausepcuteT nmenn M.B.J/Iomonocosa,
Mexanuko-maremarudeckuii dpakyiabrer, Kadeipa Teopun BeposaTHOCTEI],
Mocksa, Poccust
E-mail: mv.melikian@gmail.com

PaccmarpuBaercst KOHEUHAsT CHCTEMA TOUEUIHBIX YaCTHUIL HA BEIECTBEHHOIT TIpsi-
moit R ¢ koopmunatamvu {xy(t)}&_, u ckopocramu {vg(t)}_,. Maccel Beex qacTui
noJsiaralorcs papubivu epunuie. ObosHaunM qx(t) = xp — kd, pr(t) = ¢(t) =
vg(t), rae napamerp d > 0. 3a1a/ MM TIOJIHYIO SHEPIUIO CUCTEMbI (raMUJIBTOHUAH )

dopmyoii:

N N
1 1 .
H(g.p) =5 vk +5 Y alk =g — auf (),
k=1 k,j=1

rie f(t) — BHeriHee Bo3jeiicTBue, a dbyukims a(k) yI0BIeTBOPSET IBYM YCI0-
BUSIM:

1. cummerpust: a(k) = a(—k) (T.e. cucrema raMuIBTOHOBA);

2. marpuna V nosoxurebHO oupegenena, riue Vi, = a(k — j) = a(j — k).

BBu/ty 1oJ1o2KuresibHOM OIpe IeIeHHOCTH MOYKeM 0603HAYUTh COOCTBEHHBIE 3HA~
wenms marpuipl Vouepes s = vi k = 1,..., N, nupuuem Bce vy GyieM CIHTATH
MOJIOKUTETbHBIMI. COOTBETCTBYIOIILYIO0 UM OPTOHOPMHUPOBAHHYIO CHCTEMY COO-
CTBEHHBIX BEKTOPOB 0003HaunM uepes {uy, k = 1,..., N}.

BaMeTuM, 9TO MOJI0KEHNEM PABHOBECUS CUCTEMBI B OTCYTCTBUE BHEIIHETO BO3-
JieiicTBust (COCTOsIHME, TJIe JIOCTUTAeTCsl MUHUMYM SHEprun) Gyer

ZL‘k:k‘d, 'UkZO, kZl,...,N.

OTO 03HAYAET, YTO €CJIM HAYAJILHBLIC YCIOBUS HAXOMATCS B 9TOM IOJIOZKCHUH, TO
qacTUIpl He OyIyT JBUTAThCs, T.e. Oyiaem nmerh xx(t) = kd, vi(t) = 0 mia Beex
t>0.

MubI GyeM paccMaTpUBaTh HyJIEBbIe HadaslbHbIE YCIOBHUS

¢(0) =0, pr(0) =0, k=1,...,N. (1)

Taxkum 0bpaszoM, JIBUKEHNE CUCTEMBI OINChIBaeTCs ciierytoreit cucremoit O/1Y:

b=~ alk = )ae+ f(O)5n, j=1,.., N,
k

rae f(t) — BHemHAS cuiTa, AEfiCTBYIONAd HA TACTHIYY ¢ HOMEPOM 7, 0j,, — CUMBOJI
Kponekepa. [lepenuiiem B raMuIbTOHOBOM BH/IE:



Lo . @)
pi == palk = jax + f(t)djn-

[Iycrs f(t) — BHemHsIA cuita, JefiCTBYIONIAs Ha YaCTUILy ¢ HOMEPOM 7, — CTa-
[UOHAPHBIA B IMIMPOKOM CMBICJIE EHTPUPOBAHHBIN CAyYalHbINA IIPOIECC C Hellpe-
PBIBHOI KOBapuanuonuoii dyukmueit B(s) u cnekrpaabHOit Mepoit pu(dr).

Bynem roBoputh, 9T0 MOCIE0BATEIBHOCTH CIIydaifHbIx mporieccos { gk (t) br, {pk(t) }x
PEIIAIOT CHCTeMy ypaBHEHHil (2), ecju OHH HelpepbiBHO JubdepeHnpyemMbl B
CPEIHEKBAIPATUYHOM U IIPU UX IIOJICTAHOBKE IIPaBas 1 JieBas 9aCTh PABHBI 110 CO-
orsercrByIonieil Mepe. HauabHble yCaoBus, 1ezKalye B COOTBETCTBYIOMIEM I'JIb-
6epTOBOM IIPOCTPAHCTBE, FAPAHTUPYIOT CYIIECTBOBAHUE U €IUHCTBEHHOCTD pellle-

HUI ypaBHEHUs, IPUHAJIICIKAILEMY 9TOMY IIPOCTPAHCTBY IPH KasKIOM L.

Beegem BekTop 9(t) = ( alt) ) 1 0603HATHM:

p(t)

(0.

TOF,H& CUCTEMa IIEpennuIeTcda B BUIE:

V=AY + f(t)g, 9= (0.e)", en(j) = Gjn. (3)

Teopema 1. Jlasa 06020 ) € RN cywecmeyem u eduricmeenno (n.n.) pewenue
Y(t) cucmemor (3) ¢ HavasvHbIM Ycrosuem .

HokazareabcTBo. OueBUIHO CilejlyeT U3 CYNIECTBOBAHUS U €JIUHCTBEHHOCTU
peIIeHns HeOTHOPOIHOM JIMHEHO# cucTeMbl JuddepeHualbHbIX ypaBHeHUIT ep-
BOIO HOPsIJIKa, CM., Harnpumep, [1].

Teopema 2. [lycmo mepa [1 Makosa, ¥mo KOGAPUALUOHHYIO PYHKUUIO DACCMAM-
PUBAEMO20 CAYALIHO20 NPOUECCH MOKHCHO Npedcmasums 6 sude B(t) = [, " b(x)dx.
Tozda

1. ecau nocumenv b(x) ne nepecekaemea ¢ muoorcecmeom {vg, k = 1,..., N},
mo cpednas snepeus ecel cucmemys 6ydem 02panuvera no 6PeMeHu;

2. ecau Oan scex j, maxux wmo v; aesxcum 6 suppb(z), (uj,e,)? = 0, mo
6HOBDL UMEET MECTNO 02PDAHUMEHNOCTID N0 BPeMeNU cpednell IHep2uL;

3. ecau ecmv mowka cnexmpa v, aescawas 6 supp b(x), maxas wmo (uj, e,)* #
0, mo

3.1. ecau v; = 0 u svinoanero

b(0) = b/(0) = 0, (4)

Mo cpednas IHepaus 6cell cucmemy, bydem 02paHuUveHa No 6PEMEHU;

3.2. unave (m.e. daa mex undexcos j € {1,..., N}, daa xomopwx aubo v; # 0,
aubo v; =0, no He svinoaneno (4)) cpeduan snepeus bydem pacmu no epemenuy,
npuYem Cywecmeayem nososxcumenrvias nocmosunai C, maxas wmo E(H(t)) ~

Ct2.



1)

2)
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IIpuMeHeHMe NMOPSAAKOBBIX CTATHCTUK B MOCTPOCHUH OHOMIATOBBIX IPOrHO30B MOBEICHUSA
(puHAHCOBBHIX MHIEKCOB

B.B. Muciopa!, E.B. Muctopa?
! Tonckoit rocynapcTBeHHbIil TexHUYecKuii yauBepcutet, PocTo-Ha-loHy
2Poccuiickuil skoHOMIYecKHil yHuBepcuTeT nMenn I'.B. TInexanosa, Mocksa

CymiecTByeT OOJBIIOE KOJIMYECTBO METOJIOB M CIIOCOOOB IMOJYYEHHUS TOUYEYHBIX M
MHTEPBAJILHBIX [TPOTHO30B (PMHAHCOBBIX MHJEKCOB, B KOTOPBIX MCIIOJIB3YIOTCSI MaTeMaTHYeCKue
MOJENM CIyYalHOI'0 IPOLIECCa U CTAaTUCTUYECKHE OLEHKHU IapamMeTpoOB MOJEIU, C INOMOLIBIO
KOTOPBIX MOJIeJIb HACTPAMBAeTCs Ha KOHKPETHYK peanuzanuio. OpHaKo, OTCYTCTBUE
CTAlMOHAPHOCTH B PA3BUTUU TAKUX MPOLECCOB, HamW4yhe H3OBITOYHONH WIM HEOOBICHIEMOM
BOJIATHJIGHOCTH, BBIOPOCOB, TSKEJIBIX XBOCTOB, KJIACTEPHU3AIMH BOJIATWIBHOCTH, HE IO3BOJISIOT
HAlTH OIEHKHU MapaMeTpoB MOJENH, O0JaJalolUX XOPOIIMMHU CBOMCTBAMH CTATUCTHYECKHX
OLEHOK. Takue MoJzienr, B KOTOPBIX MapaMeTPbl HEAOCTATOYHO XOPOUIO ONPEAEIIEHBI, HA3bIBAIOT
MOJEIAMHU C HEONPEAECICHHBIMU ITapaMETPaAMHU.

PaGora nocasiiieHa aHaiu3y BPEMEHHBIX PSAAOB C IEJIbIO MPEACKa3aHusi UX Pa3BUTHUS BO
BpemeHnu. Ilpennaraercs MeTOA MOJMYyYEHUs OJHOLIANOBOTO HHTEPBAJIBHOIO IPOrHO3a
BPEMEHHOT'O PsjIa OCHOBAHHBI Ha KOHCTPYMPOBAaHWU HAOOPOB MPEAUKTHBHBIX M IIEJIEBBIX
MEePEMEHHBIX C MOMOIIBI0 pOOACTHBIX CcTaTHUCTHK. OCHOBHAs HJes TMPEII0KEHHOTO B CTaThe
METOJa 3aKJIIOYaeTCd B TOM, YTO JIEBYIO I'PAaHHUIY OJHOIIArOBOI0 MHTEPBAJIBHOIO IIPOrHO3a

BpeMeHHoro psga h, K=1..,N ¢opMupyroT K nepBsIXx HaUMEHBIINX HOPSIKOBBIX CTATHUCTHK,

COOTBETCTBEHHO IPABYIO TPAHUILY — MOPSIKOBBIE CTATHCTHKHU OT K+1 10 N, B3s1TBIC C Becamu, st
HaXO0XJI€HUs1 KOTOPBIX IIPUMEHSETCS KBAHTUJIbHAS PErPECCHsl.

Paccmorpum BpemenHoit pan h,, k=1..,N kak peanuszalnuio Cily4aiiHOro Iporecca
{X,,0<k<N}. Ilycts HekoTOpoe deTHoe umcio 1<7<N ompemenseT MHMPHHY OKHa
IpoIeyphl caBura BpemenHoro psiga h, k=1,..,N. IIpeodpasyem ogHomepHbIil psix h, B 1Ba

MHOTOMEPHBIX Habopa JaHHBIX 110 CIEAYIOMIEMY AJTOPUTMY.

1. [Monyyaem citydaifHble IMOCIIEAOBATEIBHOCTH TpH caBure h, 1o | HA OXWH mAT |
YIOPAZIOYMBAEM HX DJIEMEHTHI [0 BO3PACTAHHIO (h):H_1 ={hi, hig--MNi,q1} i=L.,N-7+1
o )
TpeoGpasyem nocnenosarenshoctn (h):""~ B Bexrop-cromousr HY, H?. H" R, e
n=N-7+1.
2. [Tonyyaem MaTpuily
()] (2) (n)
ICIC I
hz(l) h3(2) .« h (n)

H=

n+1

@ (2) (m
h® h . hy

T+1



rae hl(j)HopH,Z[KOBaH CTaTHCTHKAa ¢ paHroM | B ymopsimoueHHOM Habope MOJyYEHHOM W3 DIIEMEHTOB
TI0CJIEI0BATELHOCTH (h):ﬂ_1 ={hi, NNy, 1}, i=1.,N—-7+1 najurepauun.

3. TpancnoHupyem matpuily H ¥ HauMeHbIIHE 3JIEMEHTHI KaXIOi CTPOKH MEPEHOCHM B MATPHILY
G(N —r+1x(% +1)), naubonsmue - B Matpuiy U (N —T+1><(% +1)), mepBeIii cTONOEI] MATPHIL

MIPEJICTABIICT COOON BEKTOP-CTONOEI, COCTOSIINN U3 1:

® po o) 1 h,® h, ® ... KO
1 h1 hz h% %Jrl %+2 2
1 h® h® .. p O 1 h, @ K, @ ... ph @
G-  * o VI £ A N N )
1 h® b, - h, O ™ ™ . p O
n n+1 %m—l 1 h%+n h%+n+1 hN

Takum oOpa3oM MbI moilyyaeM JABE MAaTpUIBI WM [Ba Ha0Opa IaHHBIX NPEIAUKTOPHBIX
NEPEMEHHBIX, HA OCHOBE KOTOPBIX MOCTPOMM KBAaHTHJIBHBIE PETPECCHOHHBIE MOIETH Ui BBIYMCICHUS
NpaBoii U JIEBOH IPaHUL] MHTEPBAILHOTO MIPOTHO3A.

B xauecTBe 1eNeBBIX IEPEMEHHBIX OyAyT BBICTYNATh HHKHSA M BEPXHSIS IMIIMPUIECKUE TPAHHLIBL,

MOy Y€HHBIE KakK JINHEWHBIE KOMOUHAIUN {hi, hiy1---Nisr } i=1..,.N—-7+1, T.€.
6 = o(h, h,..h, ), (91 =p(h, h,..h ), i=1L. ,N-7+1.

ITepeitnem k Bompocy ompeseNeHus LeneBbix mepeMeHHbIX (6',6.'). LleneBble mepeMeHHbIE

MpejIaraeTcs BEIYUCIATh Kak TPAaHUIIBl IOBEPUTEIBHOTO HHTEPBAJIa MOPSAIKOBON CTATUCTHKH CITyYaitHON

i+7-1
HIOCJIeIOBATEIBHOCTH (h)i ={hi, hiy1...hi;; 1 }. OGoCHOBaHMeM TaKoro BEIGOpA SBISIETCS

MMPUBCACHHAA HUXXE TCOPEMaA.

Paccmotpum obmmii ciyuvaii. Ilycts {H(l), H (2)... He } — MOPAIKOBBIC CTAaTUCTUKH IJIS

BBIOOPKH {Hl, Hy...H, } . OGo3Ha4YMM KBaHTUIIb YPOBHs P uepe3 hy, = F_l(p),O <p<l,rae Fy(h)
- HeW3BeCTHas (pyHKIMs pacnpe/eeHus Ha0mogaeMoi ciry4aitHol BennuuHbl. ClipaBeiiuBa Clieyomas

TeopeMa.

Teopema. Ilycts sBa umcna r u § takue 4o, P(H(r) <hp <H))=1-2a 3ananmas nosepurenbHas

Bepositiocts M mHTepBan (H(r), Hs)) co cmydaiineivu rpammuamn Hy u Hg) BKmodaer

HCHM3BCCTHBIN KBAaHTHIb Ny = F_l( p),0< p<1. Torna BeposTHOCTH P(H(r) < hp < H(s)) HE 3aBUCHUT OT

HeusBecTHOH (yHkumu pacnpenenenus Fy (h).

. i+7-1
BriGepeM B KkauecTBe MOPAIKOBOM CTaTUCTHKM ISt (h):” ={hi, hiy1...N,, 1} menuany.

+7-1
MOKHO BBI6paTI> ABYMCPHYIO CTATUCTUKY BHU1a

Torma B Ka4eCTBE MHTEPBAIBLHOMN OICHKH JJIS Me(h):
(hy, he) i<l<k<i+7r-1i=1..,N—-7+1, onpenensronyo CHMMETPUYHbI{ HHTEPBAT C YPOBHEM

nosepust 1—2a , momaras K=7—1—-1+1.



. 7|
ITockoneky P(hy < Me(h):ﬂ_l <hg)=( %)T z Ci =1-2¢ 3navenue |, ucmons3ys Teopemy
t=l

Myaspa-Jlamiaca, MOXKHO paccuuTaTh 0 popmyrie

|:[0,5{r+1—\/;‘1‘(1—a)}+1]+i,i:1,...,N—z'+1, @)

rae [V] —11enas yacth yucna v, W = <I)_l(u) .

Urak, OyaeM monarath B JalbHEWIEM, YTO MBI pacrojiaracM pe3yJibTaTaMH PEruCTpaiiu
3HAYCHUH NPEAUKTOPHBIX nepeMenHsix (9;, 0,...0,,) # (U, U,...U,,) NPEeICTaBICHHBIX B BEKTOP-
cronbuax matpur; G(N — 7 +1x (% +1) m U(N -7 +1x (% +1)) (cm. (1)), a Tak ke BEKTOpaMH LIETEBBIX
nepeMeHHbIX O_ = (9i_)T u b, = (GL)T .

[TocTpouM KBaHTWIBHBIE pErpeccuid ¢ JUHEHHON (YHKIMEH 3aBHCHUMOCTH, T.C.

IIpearogaracM, 4YTo YCJIOBHBIC KBAHTHIIN ONPEACIISIOTCSI COOTHONICHUAMM.

Quant, (0 |G ) =8 +a,0, +8,0, +...+a,,0., TV, 3)
0 =8,+a9,+38,9, +...+8,,9,, +Y,
Quant’l—Za (0+ |UN ) = bO +blu1 +b2u2 +.. '+br/2ur/2 +Vl—2a ' (4)

6. =b,+bu, +bu, +...+b LU, +V,_,,
[MpuBeneM MeTo] OICHKM TapameTpoB Monenu (3), KOTOpBIH Takke MPUMEHHM 0e3
JIOTIOJTHUTEIIBHBIX YCIOBHH K MoJienu (4).

OreHka mapamMeTpoB Mojaenu (3) onpenenseTcs u3 COOTHOIICHUS

& =argmin Y alv|+ > 1-a)yv] ()

aeR™ g >4 i0_<6_
Jluneitnas monens (5) Obuia npeacraneHa Koenkepom u baccetom [1], kak o0o0mieHme
IIPOCTOM KBaHTHIIH.

3anayva (5) cBOAMTCSA K JTMHEMHOMY nporpaMMmupoBanuio. [lepenuimem 3agady (5) B Buze

4 =argmin > a(v), +1-a)(v;).
aERr/2+1 i (6)
l
rac ()+ u ()— — IMOJIOKHUTCIIbHAA W OTPULATCIIbHAA 4YaCTH 4YHUCJId, COOTBCTCTBCHHO. Torz(a
TOJIOKUB I = " - [, rje IF, I — MOJIOKHUTENbHAs U OTPULIATENILHAS YaCTH BEKTOPA I, MOTydaeM
3a/1auy JINHEWHOIO MPOrpaMMHUPOBAHUS
T, .+ T,- H
ae'r'+(1l-a)e'r > min
Gla+r'—-r =6

(a,r+r-)e R72"™ y R2N-D (7)



rne e = (1, 1, . . ., 7. OueBuano, 4ro i ¥ I'i HE MOIyT MMETh HCHYJICBHIC 3HAYCHMS
OJIHOBPEMEHHO, MOATOMY 3afauu (9) u (/) ’3xBHUBajIeHTHbI. Ha BbIXOJ€ MBI MOJIy4aeM pelIeHue

(a, r*, r), U3 KOTOPOro HaM HY>€EH BEKTOP a.

Jlutepatypa

[1] Koenker, R. Quantile regression / R. Koenker, J. Gilbert Bassett / Econometrics. — 1978. — Vol.
46, no. 1. — Pp. 33-50.



ITepeBapioxa A. 0. (Cankr—Ilerep6ypr, Poccust) MogesupoBanue momyasiuoH-
HOIl MHBa3WM B YPaBHEHUHN CO CTOXaCTHUYECKU BO3MYIIIEHHBIM 3alla3/bIBaHIeM.

B npenpuayeit pabore 1] Mbr peaioKnm Mo/Iesb ClieHAPHU S JerPaIalii MTPOMBICIOBOM
TIOMYJISIIIAY PBIO CO CTOXACTHYECKUM BO3MYIIEHUEM IIOCJIE BBIXOA, TMOMYJIAINN U WHTEPBAJIA
)5 crabmwibHOro Bocmoaaenus. Mozaens (1) cogeraer cTOXacTHIECKOE U IeTEPMUHUPOBAHHOE
IIOBE/IEHNS B JIBYX /IMAITAQ30HAX, HE HMEOIINX [JIaKOi IPAHUIBI. BhI2KHBa€MOCTDH IIOKOJIEHUIT
R = N(T) or N(0) = AS,S € Qg na unreppase t € [0,...£,w...,T] onucana ypaBHeHueM:

% = —(aw(é)N(t) + O(N(0)B) N(t),0 < t < T. (1)
a, B — koaddurmenTor yobun? cOOTHECEHHBIE ¢ AuHAMUKON pocta w(§). O(N(0)) = [1 +

exp (—&N(0)?)] x v,limpn (0) 00 O(N(0)) = 1 moporosoe camzkenne 3G hEeKTHBHOCTH BOCIPO-
u3zpoacTBaB S < L € N, rae v € (0, 1] — paBHOMEpPHO pacipeiesieHHast Iy YaiiHasi BeJIMInHa.
Tak MbI mosryunan obnacth masoducaennoi rpymmsl L C Up € g, rae BoCnpou3BOACTEO
00ycIoBIEHO carydaiiabiMu (pakTopamu. [lorydentas Ha OCHOBE YHUMOIAIbHON 3aBUCHMOCTH
() = Un(o) N(T),N(0) € Z* wucaennsrx pemennit (1) na unrepsase ¢ € [0, Tpaekro-
pust urepanuii x,+1 = (), g < L 0b6Ia1aeT CBONCTBOM OMPAHMIEHHOTO CTOXACTUIECKOTO
BO3MYIIEHHS, UMAUTUPYIOIIEro AeHCTBUE CPEIbl Ha MCTOIIEHHYI0 TPOMBICIOM IOIYJISIHIO.
[Ipu apaimse CTPEMUTENLHBIX OMOJOIMYCCKMX MHBA3WH M MHMEKIWi aKTyaJ eH CIeHa-
pwii, Korma gocrurayras duciaenHoctb N(t) — K He Oymer ycroiamsoii. CroxacTudaeckoe
BOS,ZLefICTBHe SHAYUMO B aKTUBAIIWUN HpOTI/IBO60pCTBa B COCTOSIHUM BBICOKOW YMCJIEHHOCTHU
— OU3KOM K KPUTHYECKOH 1Jist cpenpbl. [Ipu mpubnm:keHnr K MOPOry Hadasa pas3pyIleHus
cpenpl HAOIIOAAETCA YCUICHHE IIPOTUBOACHCTBHSA, 9TO THINYHO IJI9 UMMYHHOI'O OTBETa Op-
TaHU3Ma. BpeMﬂ AKTUBallUW Ba2KHO JJIgd UTOrOBOI'O COCTOAHMNA, HO HE MOXKET 6bITb MCHEE T7.
IIyctb Bpems akTUBAINK BAPbUPYETCs CAYYalHON BEIUYMHON Y B OrPAHUYEHHOM JIMAIIA30HE.
Ucnonw3yeM ypaBHEHHE C BO3MYIIEHHBIM CJIYYaiHOM BeTMUNHON 3ama3apiBanueM (& — 717):

dN ., N R B SN2(t — 117) B
@~V (N(t—m)) (J — N(t)?

ITpu npubamxkennn N (t) kK noporoomy 3nadenuto guciaennoctu J, N(0) < J < K pa3suBa-
eTCs Tepexo/l B MIyOOKuil momysiuonubiit kpusuc N (t) — 0 + e. Cuenapwuit mpeoaosenne
normyssiyeil Kpusuca ¢ obpazosanueM konebanuit N (t) — N, (t), max N, (t) < J 3aBucur oT
CTOXaCTUYIECKUX (baKTOpOB. MO)KHO IIOKa3aTb, 9TO HO,HO6HELH monyJjadnud rapaHiTUuPOBAHHO
norubaeT mpu yBEJIUUEeHUN PErPOLyKTUBHOTO noTenmuasia r. Teopema 1. CymecrByer r = T,
9TO BeposiTHOCTH P > 0 ayst cobbrrus lim;_; N(¢;77) = 0 w mpu r > T peajqusyercs JJist
JMaHHOTO cOObITHA limy o P = 1. Momens (2) onuceiBaeT crieHApuUil MpOTHBOAECHCTBUE MM-
MYHHO# CHCTEMbI Pa3BUTHUIO UHMEKIIMU, KOTOPas CIIOCOOHA IIPEBPAIATHCA B KOJIEOJIIOILY I0Cs
xpoumdeckyio upu N(t) << J. IMMyHHDBII OTBET MMEET HE MOJHOCTBHIO IPEIOIPEIEsICH-
HBI XapakTep M3-3a HeJeTEePMUHUPOBAHHONW JJIMTEIBHOCTHA 3TAIOB MMMYHHONH aKTWUBAIAW.
Bapbupyiorcsa BpeMs Mpe3eHTAIlMN aHTUTEHa, U TTPOJIOJIKUTETHHOCTD MOAO0PaA TOIXOISIITUX
HAMBHBIX JIMMDOIMTOB, TAK OJHU OPraHU3MbI CIIPABJIAIOTCA ¢ WHMEKIHEH ObICTpee IPyTruX.

gN(t),6 > q,~v(w) € [1,2]. (2)

CIINCOK JINTEPATYPBI

1. Ilepesaproza A.F). "MonmenupoBaHue KOJIAICA TPOMBICIOBOM HOMYISIIANA IPU CTOXA-
cTrdeckoil neomnpeaeaennoctu Teop. BepostHocTr u eé npumenenus, 2017, T. 62, Bor.
4, 820-821.
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[Tycts umetorcs wabmogenus Y = (Y7, ..., Y,), npeacrapisiomniue u3 cebst pea-
JIN3AIUIO T-MEPHOI'0 CJIYYaiHOINO BEKTOPa ¢ MYJIbTUHOMUAIBLHBIM PACIPE/IeIeHIEeM
Mult(n, py ). Onnoit u3 GyHIaMEHTATBHBIX 3349 MATEMATHIECKONH CTATHCTUKH
SIBJISIETCST TPOBEPKa MPOCTOii rutoresst Hy @ py = p, rjie p = (p1, - . ., Pr) — HEKO-
TOPBIH (PUKCHPOBAHHLII BEKTOP ¢ HEOTPUIIATEILHLIMI KOMIIOHEHTAMM, TAIONTAMA
B cymme 1. IIpemoxen HOBBIN CIIOCOD IOCTPOEHMS TECTOBOW CTATHCTHKHU, OCHO-
BAHHBIN HA BBEJICHUU JIONOJHUTEJILHON panjomusanuu. [lycrs @ = (0y,...,0,) —
CJyJaiiHbIi BEKTOP ¢ paBHOMEDPHBIM paclipejie/ieHneM Ha euHu4dHoil cdepe B R™.
[TpencraBum BekTOp HAOMIONEHNI B BUJie Y = M +Mo+- -+, TAE N1, ..., Ny —
HEe3aBUCHMBbIE OJIMHAKOBO PACIIPEIeIeHHDbIE CIyYaiiHble BEKTOPHI C PACIPEIeIeH-
em Mult(1, py). Borancimvm X% = 57 6;(n; — p). Tpeanoxennas cratucruka
UMeeT BUJT Isisn

X0
¢> ¢// ijgb <1 + \/—p]>

e ¢ : R — R, — BoinykJias d)yHKLU/Iﬂ, YJIOBJIETBOPSIONIAS YCIOBUIO

¢(1) = ¢'(1) =0, ¢"(1)>0.

Panjiomusuposannas craTuctuka 7, obsajiaer JIy YiMy aCUMIITOTHYECKUMU CBOM-
CTBaMU TIO CpaBHEHMUIO, HAIIPUMEp, C MUPOKO U3BECTHBIMU cTaTuCTUKaMu [Inpco-
na [1] u Kpecen-Puga [2]. B wacrnocru, nokazano, aro jis Jjwoboro § € (0,1)
C BEPOSITHOCTBIO He MeHee (1 — ) paccrosiaue Kosmoroposa Mex iy yCJIOBHBIM
pacrpesienenenm (T |0) u x2(r — 1) yonmaer kak O((log* n + log?(1/8))/n).

Pabora H. [lyukuna BbilojiHeHa 1pyu 4acTUIHON (PUHAHCOBOM 110]JIEPKKE KOH-
Kypca “Mosonasa maremarnka Poccun’.
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AMb6ut, TpasioBsie u IICU croxacTmiecKmne HpoIiecchl

OJEr BUTANBLEBUY PycAKOB, FOPUit BAAIUMUPOBUY JKYBOBUY
Canxm-Ilemepbypeckut 20cydapcmeenusiii yHu8epcumem, Mam-mex

TMonoxkum, 910 BCe paccMaTpuBaeMble ClydaifHble OOBEKThI 33JaHbI HA BEPOSTHOCTHOM IIPOCTPAHCTBE
{Q, F,P}. Paccmorpum tpumier {(£),11(t), A}, cocrosiuuit u3 nesaBucumbix saementos: (§) = &p,&1,... —
LOCJIEIOBATEIbHOCTD Caydaiinbix Besudun; 1I(t), ¢ > 0, — cranJaprHblii 1yaCCOHOBCKUI LIPOLECC C e/u-
HUYHOI MHTEHCUBHOCTBIO; A — HEOTpHUIATe bHas (I.H.) caydaiinas BeJUUnHa, KOTOpas OyJerT urparh poib
CIIyYaifHOII MTHTEHCUBHOCTH.

Oupegestenne 1. Paccmompum caedyowyro pandomudayuto spemenu nocaedosamensrocmu ()

P(t) = Pa(t) & () teRy. (1)

Hoaywennwoti npoyece 1 nazosem npoueccom Ilyacconosckozo caywatinozo undexca (npoueccom ITCH, uau
HCH-npoueccom das xpamocmu). Hocaedosamenvrocms (§) Mol HA306eM <NOOVUHEHHOTS, G HE3ABUCUMBLT
om nee npoyecc II(At) — «ynpasasowums, Uiy «6edYusuM>».

Bamerum, 4TO eciu HOAYUHEHHA [10C/Ie10BaTebHOCTD (§) crannonapua, ro [ICU-npouecc 1) Toxe cranu-
oHapeH. B anHoi paboTe MBI OTPAHUUNMCS CIIydaeM, KOTZa MOIIMHEHHasT TTOCIeI0BATENLHOCTE () cocTonT
U3 HE3aBUCUMBIX OJMHAKOBO PACIPEIETIEHHBIX YJIEHOB, 9TO, B YaCTHOCTH, TaCT CTAIIHOHAPHOCTH COOTBETCTBY-
tomero IICU-nponece ¢. OrMeruM, 9T0 IIpU 3TOM IpeAnoaoxkenun o nocaenosarenbaocra (€) IICU-nporece
1) He OyIeT UMeTh He3aBUCHUMBIX IMPHUPAIIEHHIL.

JIemma 1. Jlonycmum, wmo ssemenmo, nodwurnennoli nocaedosamenvrocmu (£) He3agucumv, 00uHAKOE0
pacnpedeaenst, umerom E&y =0, DEy = 1. Tozda dasn carxur neompuyamesbHox t,v K08APUAUUSL NPOUECCA
¥y ecmo npeobpasosanue Jlanaaca 0as cAywatiHOT UHMEHCUBHOCTNU A,

cov ((v), ¥(v + 1)) = Eexp{-A@)t} 2 L (). (2)

Herann nokazarenscrsa JlemMsr 1 cM. B [1].

IIycts BoImosnensr yemoBust Jlemmbr 1. Pacemorpum wesasucumbie kKonuu [ICH-miporecca ¥: 1,9, . . .
(upenmomaraercs, 1To Bce coorBercrBytomme Tpumierst {(£);,I1;(t), \;}en coBokymHo HesaBucumsbl). O6-
pasyeM HOPMHUPOBAHHBIE CyMMbI

>

Zn(t) & =Y u).  teR,. 3)

Teopema 1. IIpu N — oo nocaedosameavhocmov Zy(t) cxodumes 6 cmovicae caaboli cLooumocmu KonewHo-
MEPHBLT pacnpedeserutdl K UeHmpPuposanHotl 2ayccoéckoli cmayuonaphol cayuatinot gynryuu Z(t), t > 0,
umerowet Kosapuayuro Ly ().
B ciyuae, Korma nHTEHCUBHOCTH A > () IBJISIETCST KOHCTAHTON, IMeeT MeCTO (DyHKITMOHAIbHAS TPeAeIbHAS
TeopeMa.
Teopema 2. IIpu N — co nocaedosameavrocms Zy(t) crodumes e npocmpancmee Ckoporoda nenpepvie-
HOLT CNPABA, UMENUUT KOHEUHble npedesv, caesa Pynryul, sadannnz na komnaxme [0,T] 5 t, x npoyeccy
Oprwmetina- Yaenbexa (cmayuonapHomy, 2ayccosckomy, mMaprosckomy) ¢ xosapuayuet exp{—At}.
HoxazarenbctBo Teopembr 1 manmpamyio caeayer u3 HIIT amsa BexkToposn. /lokazarensctBo TeopeMbr 2
IPHUBEJEHO B [2].



st onucanust 11pe/iesioB HOPMUPOBAHHBIX CYMM HE3aBUCHMBIX OJMHAKOBO pacupenesnenubix [1CH-upo-
IIECCOB, WX TIPEJIEJIOB B CXeMe CepHil M/WJi WX TIPeeJioB B CMbICJIE HODMHPOBAHHBIX CYMM HaM MOTpefyercs
HOHSATHE «aMOUT MHOXKECTBA», «aMOUT» IIPOIECCca W YaCTHOTO Cjiydas «TpajoBoros (trawl) mpomecca. Ozxna
13 MPUYXH TAKOW HEOOXOIMMOCTH 3aKII0IAETCA B TOM, UTO [ AI€KBATHOTO OIACAHUS MOBEJIEHUS CTOXACTH-
YECKOTO IIPOLECCA MPUXOAUTCA TO0ABIATH €Ie OaHO u3mepenue. [JorsaTne «aMOuT» BOCXOMUT K JIATHHCKOMY
ambitus, 94TO O3HAYAET I'PAHMIA, OIPAHMYEHHOCTD, cdepa BausHua. CyTb aMOUT MI€0I0IMH CTOXACTUIECKON
MOJIEJIN 3aKJI0YAETCsT B TOM, YTO 3HAYEHHE CIYJYaiiHOrO 3JeMeHTa B ToYKe (z,t) MPOCTPAHCTBA BPEMEHU
OTpeNIesIIeTCs TONIBKO TaK HA3BIBAEMBIM «aMOUT-MHOXKeCTBOM» A:(x), Koropoe comepxkut Touky (z,t). C
JIETAJISIMH MOYKHO TIOJIPOOHO O3HAKOMUTHCS B [3]. il onicaHns TpaoBOro mporecca HaM HOTpebyeTcs KITio-
geBoe onpegenenne basuca Jlesu ([3] Def 25, p.155).
Omnpenenenune 2. Basuc Jlesu L, 3adanmvid na S C ]Rk, k € N, ecmv cmoxzacmuseckas mepa (603mooic-
HO CO 3HAKOM) ¢ He3asucumbimu npupauenuimu (independently scattered), sadannas na 02paHuUMEHHDBLT
bopeaesckur muoscecmear By(S), umerwan beszpanuuno deaumoe pacnpedesenue na kascdom A € By(S),
004a0a10ULaA CAEIYIOUUMU TPEMSA CEOTUCTNEAMU.

1. Jlas 410607 nocaedo8amensbHOCTU NONAPHO HENEPecexaouuTcs muoscecms Ay, Ag, ... us By(S), ma-
wuz wmo U2, A; € By(S) evimoaneno n.n.

. oo
L(A1) + L(A) + - *E( j:lAj) , (4)
20e npedes 8 NPagoli HaCMU PABEHCMEA () NOHUMAEMCA 8 CMBLCAE T.H.
2. [as a10600 nocaedo8amesbHoCmu NONAPHO Henepecekaowurces muostcecme A, Aa, ... us Bp(S) co-
omsememeyrouue cayuatinoe eeauuunos L(A1), L(A2), ... He3a68uCuMbL.

3. [das waotcdozo A € By(S) pacnpedesenue L(A) npunadaescum xaaccy 6€32panuHO 0EAUMBLE Pacnpe-
desenud.

B cityuae, korga crpykrypHas mepa (control measure, — e.g. Def.32, [3], p.162) nmia R -3naunoro 6asuca
Jlesu L ecrb mepa JleGera B onpenenennun 2 6asuca Jlesu MHOXKeCTBO Bp(S) MOKHO 3aMEHUTH HA MHOXKe-
c1BO Brep(S) — GopeseBckux Muoxecrs S, umeroniux kKoneunyio mepy Jlebera. Kosb ckopo 3nauenus L£(A),
A € By(S), nveror Ge3rpaHNYHO JeIMMOe pacrpe/iesenne, To BhIuchiBaeTcst (opmyna Jlesn-XunanHa, 11st
KyMmyasHTH (cM.[3], Yreepxkaenue 30 crp.161). Janee ram ke Ha cTp.162 yrBep)Kaaercs, 4o GopMysia st
KyMYJISTHTBI HE U3MEHUTCs, eciiu B3aTh A € Brep(S). D10 gaer BO3MOKHOCTL onpeessTs 6as3uc Jlesu B nan-
HoM corydae. s psjga neorpanudeHHbix MHOKeCTB A € B, (S) neranu npusoggrca B [4]. Tam xe (r.e. B
[4]), BuauMO, BuepBbIe HOsBUIICH T€PMUH «aMOuT-MHOKecTBO». OBCYyK/IeHue Takoii 3aMeHbl (B Olpe/iesIeHid
6asuca Jlesn) By(S) wa Brep(S) M. B [3], cTp.156.

Onpenenenne 3. Tpasossiii nporecc. [lycmv S = R? x R, 2de nepewiii commoscumens npamozo
NPOU3SEIEHUA MPAKMYEMCA KAK NPOCMpancmeo (pasmeprocmu d), a emopot — kak epema. Ilymv L ecmo
R, -3naunsii 0dnopoduwiti 6asuc Jlesu, onpedeasemviii cmpyxmyprotld mepot Jlebeza. Ilod odnopodnocmoio
6asuca Jlesu mv nonumaem, wmo pacnpedesenue L(C) ne 3asucum om cdeuea mmooicecmea C € Brep 6
S. Myemv A = A(0) € R? X (—00,0] — <HAAABHOE AMOUM-MHONCECTIB0, UMEIOULEE KOHEUHYIO MEPY
Jlebeza, nasweaemoe «mpanoms (trawl). Paccmompum monomonnoe cemeticmso cdsuzo6 60045 0CU 6pemen,
3adasaemoe ompeskamu (¢ omrpoimomy Konyamu) euda (0,t) € R x R u nosoocum A(t) = A(0) + (0,1).
Cemeticmeo (A(t)) obpasyem «monomonnvili nomox ambum-mmosicecmss. Onpedesum mpasosuiii Npoyecc:
A

Y (t) = LIA(2)) .- (5)
B (5) mol no ymoauanuro 6ydem npednosazamsv, wmo t > 0. B mo orce epems 0uesudHa CmMayuOHAPHOCTD
mparoozo npouecca Y (t), nosmomy mv. npu weobrodumocmu ecezda moocem noaoscums t € R. Unduxa-
mopnoie Pyrkyuu oas cemeticmea (A(t)) Ha306em <«CKOALAUWUM AOPOM OASL MPANOBOZ0 TPOUECCA.



B nanpreiimem Oymem mosararth, 9to d = 1. Paccmorpum «crnernuajbabie aMOUT-MHOKECTBAY BHIA

Ayt) B {(,s)s<t,0<z<n(s—1)}, t>0, (6)

r7e 77 — HeyOBbIBAIOIIAs HEIIPEPhIBHAS MMOJIOKUTEIbHAs (DYHKIN, 3aJaHHas Ha JIeBO# nojryocu. PaccMoTpum

COOTBETCTBYIOMINIA TPAJIOBBIHA mpomecc Yy, (1) 2 L(A(t)), t > 0.
Teopema 3. Paccmompum nocaedosamenvnocmo (§o(N))NeN — HAUAALHOIE UAEHDL TOTNANDHO HE3AEUCU-
Moz 00unaroso pacnpedeaennvi IICH-npoyeccos (Y (t))nven, t > 0. ITycmv nezasucumoie eedyujue npo-
UECCHl UMEION CAYHUATHDIE HE3ABUCUMBLE 00UHAKOBO PACTPEIEAECHHDLE UHMEHCUSHOCTU, PACNPEdeNeHUs KO-
MopuLT 3a0arbL NOAOKHCUMEALHOT (N.1.) cayuatinol seauwunot . Jonyemum, wmo: 1) pacnpedesenue &o(1)
NPUHAOAEHCUTN 0OAGCTNU NPUMANCEHUSL HEKOMOPO20 A-YcmoTuusozo 3akona, aubo 2) (1) umeem Gesepa-
HUYHO deaumvlll 3aKOHA OMmAudHbLl om a-yemotuwueozo. Toeda 6 cayuae 1) nodxodsusum o06pa3om HOPMUPO-
sannvie cymmvt IICH-npoyeccos crodamea 6 cmuicae caaboti cLoouMoCmu KOHeWHO-MEPHBLT PACNPeDeAeHU
% mpasosomy npoyeccy Yy (t) ¢ basucom Jlesu, umerouum 3adannoe pacnpedeserue o-ycmotuusozo 3axo-
Ha; 6 caywae 2) caedyem paccmompemsv cremy cepull (He3asucumou 0dunaxoso pacnpedesennnr IICH-
npoyeccos), darwyro caabuili npedes navasbrozo snavenus (1), u moada coomsememeyrouui npedea (8
CMBICAE CTOOUMOCTIU KoHewHo-mepHux pacnpedeaenuts) IICH-npoueccos b6ydem Y, (t) ¢ basucom Jlesu, ume-
0UUM UCTOOHBLT 6e32PaHUNHO-0CAUMDLT 30KOH PACTPEIeACHUA.

IIpu smom, Kax das caywas 1), max u das caywas 2) nowa gynwyua 1n(s) = d(1 — Lx(—s))/ds, 2de Ly
— npeobpasosanue Jlanaaca cAywatinol UHMEHCUSHOCU A.

JoxazarenscrBo Teopembl 3 OCHOBBIBAETCST HA, AETAJBHON pabOTe C KYMYJISHTAMHU U TMPEICTABJIEHHEM
Jlepu-XuHYMHA.
3ameuanme 1. ITycmo A > 0 — wuecayuatina. Toeda mo 6 Teopeme 3 umeem 6 wawecmee npedeas 0600-
wenue npoyecca OpHwmetina-Yaenbexa na cayuati 6e3zpanuumno-deaumozo pacnpedesenus. Jlannoe 0606-
WeHUE OMAUAEMCA O A6MO-Peepeccuonoli cremvl, ono eeedeno 6 2005 200y 6 [5] u maseano «sepxhe-
AecmuuyHuIM npedemaesaenuem npoyecca Oprwmetina- Yaenbexas (Upstairs representation of the Ornstein-
Uhlenbek process). 3abasro, wmo aemop pabomuw [4], 2de on eses nonamue «mpaaosozo npoueccas 6 2011
200y, 6 knuee [3] nuwem, wmo on mozda, m.e. 6 2011 200y, ne 3naa o pabome [5] 2005-20 zoda.
Sameuanne 2. Oyuxyus 17 umeem 6ud KCNOHERMDBL MO20a U MOALKO mozda, Kozda A > 0 — wecayuali-
na. Boaee mozo, pynkyua 1 AGAZEMCA NAOMHOCMLI pacnpedeserus sesununv, —(C, 20e  nokazamesvHo
pacnpedesena ¢ unmencusrocmoro A > 0. Tparoswii npoyece Yy (t) maprosckuld moavko 6 smom cayyae u
MOALKO 0AA 20YCCKO20, AUbO NYyacconosckozo basuca Jesu na R x R.

Buaaromapuoctu. Pabora nojuepxkana rpanrom POOU 20-01-00646 (A).
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BaHnaxoBbl 1IpejieJibl U MPUJIOKEHNs
E. M. Cemenon (Boponex)

Yepes £o, 0003HAUAETCST TPOCTPAHCTBO OMPAHUIEHHBIX MOCIEJI0BATEIbHOCTEN T =
(21,9, ...) ¢ HOPMOI

|2 |oc = sup ||
neN

1 0OBIYHOM 10Ty yTIOpsijiodennocTbo. JInneitubiit pyuknnonas B € (% nazbiBaer-
cs1 DAHAXOBLIM IIPEJICJIOM, €CJIN

1. B>0,1.e. Bx >0 gna Bcex x > 0,

2. BI=1,tne 1= (1,1,...),

3. Bx = BTx jisi Becex x € Ly, vje T — oueparop cupura, 1. e. T'(xq, 9, ...) =
(SI]Q, 3, .. )

CymecrBoBanue 0aHaXOBBIX IIPEJIEJIOB ObLIO aHOHCHPOBAHO B craThe Masypa
(1929 1), a JloKazaresbCTBO MpUBeieHO B Kuure Banaxa. MHuoXkecTBO GaHaXOBbIX
IpeJIesIoB, KOTOpoe Mbl 0003HaUaeM uepes B, ecTh 3aMKHYTOE BBIITYKJIOe MHOMKe-
CTBO Ha eMHUYHOI cdepe npocTpancTsa £ . D0epJieiin JoKa3ay CyIecTBOBaHIEe
OaHaXOBBIX MPEJEIOB, MHBAPUAHTHBIX OTHOCUTEIHLHO PEryJsipHbIX Mpeodpa3oBa-
nuit Xayciaopda. Obosnadnm depe3 [' MHOXKECTBO JIMHEHHBIX ONMEPATOPOB B {o

TaKWX, ITO
1. H>0u HI =T,
2. Hey C cop;
3. limsup (A(I —T)x); > 0 just Beex @ € oy, A € conv{H",n > 0}.
]*}OO

CdopmysinpoBaHHbIE BbIIIE KJIACCUUECKHE PE3yJIbTaThl YCUINBAET

Teopema 1. CymiectByer B € B, nHBapraHTHBIN OTHOCUTEIHLHO OTEPATOPA,
H el 1re Br=BHx s Becex x € lo.

YenopusMm 1 — 3 yIOBIETBOPSIOT omepaTophbl de3apo

1 n
(Cz)p =14 — E Tpo, n=12...
n
k=1
¥ OIIEPATOPbI PACTsIZKEHMs]

O'n(iUl,ZEQ, .. ) = (331,11’}1, . . ,ZEL,iL’Q,IQ, . . ,ZL‘%, .. )
n n

[Tpunoxkerust reopun 6aHAXOBBIX TTPEJEIOB OTHOCSTCS K TEOPUH OMEPATOPOB, CHH-
IYJISPHBIM CJIEaM, TEOPUN BEPOSITHOCTEH, OPTONOHAJBHBIM PsijlaM U JIPYTUM Pa3-
nemam mareMmarnku. CoBmecrrast pabora ¢ @. A. Cykouesbim (yuusepcurer Cui-
resi, ABcrpadivst).



O r106aJIbHBIX II0 BPEMEHU PeIeHnsdX OJHOro KJjacca
muddepeHInaIbHO-aAJIredpandecKnx ypaBHeHUN co
ciay4yallHBIMU BO3MY IIIEHUSIMU
I1.C. Cepreesa' (Boponex, BI'Y)
dahal192000@mail.ru

IIpenBapuTenbHBIE CBEIEHUS O TPOMU3BOAHBIX B CPEIHEM WMEIOT-
ca B [1,2]. Tam rmak:Ke ommcaHa eCTeCTBEHHAs MOIMMUKAINS TMOHS-
TSl HEMPEPHIBHOCTH CJIy9YaifHOrO MOTOKA Ha OGECKOHEYHOCTH, BBEICH-
woro JL.IIIBaprem.

IIycrs marpuanbiit my<aok AL+ M B R™ perynsipen u yIoBIeTBOPSIET
ycaosuio panr-crenens (cM. [3]). Torga mocie npuMenernst mpeobpaso-
Banus Yucrskosa (cM. [3]) marpuust L n M npeobpasyorcs.

PaccMoTpum ypaBHEHnE BHIA

{ LDs&(t) = ME(t) + f(t,£(1)) (1)
Dy¢(t) =0 ’

rue f(t,z) = (f1(t, z1,22), f2(t, z1, x2)) — rnagkoe orobpazkenue R™ —
R™. Ypasuenue (1) pacnajgaercs Ha apa:

LDg& (t) = J&i (1) + f1(t,€1(1), &2(2))
{ Dy¢(t) =©

{ LDséy(t) = &(t) + fa(t, &1(t), E2(1)))

D& (t)

Tak kak Do&o(t) = 0, & sBisieTcs IeTePMUHUPOBAHHBIM IIPOIECCOM 1
[P BBIMOJTHEHUH YCIOBUS, BEEJEHHOTO B [4], OKA3BIBAETCS TOCTOAHHBIM
sexropoM u3 R" ¢, TIpu Bbio/Henun Tex »xe yciosuii us [4], cymecrsy-
et Tmaakoe otobpaxenme f(t) : R? — R? makoe, uto fi(t,z1,7) =

f(t,z1). Takum obpaszom, (1) cBoamTCs K

{ LDg&(t) = J& (t) + F(t,&1(1)) 2)
Dy¢(t) = ©.

0.

B [5] nokazano, 4T0 1pu BBEJEHHBIX BblilE YCJIOBUSX ypaBHenue (2)
UMEET peIleHre, eC HAYaIbHOE YCIOBUE SIBJISIETCSA CIIyJaiflHbIM 3J1e-
MEHTOM C IJIQJKOH U HUTJE HE PABHON HYJIIO IJIOTHOCTHIO PACIIPEIENIe-
HUS.

1© Cepreesa /I.C., 2021



Teopema. /s mozo, ¥mobv. u NpaAmot, u 06PaMHBLT NOMOKU, NO-
poorcdennvie ypasnernuem (1), 6viau 00HOBPEMEHHO NOAHDL U HENPEDDLG-
HoL KA OECKOHEUHOCTNU, HE0OTZ00UMO U docmamowho, wmobo, Ha [0, 00) X
R? cywecmeosanru norosicumervuvie 2aadkue cobemeennie GyHruLL
u(t,x) u u(t,x) maxue, wmo npu ecex (t,T) BLINOAHAIOMCHA HEPAGEH-
cmea (% +Au < Cu (—% + A)i < C dan nexomopwz moaodicu-
meavrvix Konemanm C u C, 2de A u A — 2enepamopnv. npamozo u
00pamH020 NOMOKOS, NOPOHCIEHHHT YpasHeruem (2).
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BUPTYAJIBHBIE BPEMEHA OKHUJAHHMS B MOJIEJIN KJIEHHPOKA

Cumonsu A.P., Yiuruna E.W.

Paccmorpum cuctemy Mi|Gr|llc ¢ HWHTEHCHMBHOCTSMH BXOZSIIUX TOTOKOB a;>0,-,a, > 0.
JIuTensHOCTH 00CITY ) KUBAHKS BBI30BOB UMEIOT QYHKIHIO pactpeneneaus By (x), Bi(+0) =0, k=1r.

B moment Bpemenu t = 0 cucrema cBoOoHA OT BbI30BOB. I1ycTh Momenb Mi|Grll|o ¢ qucuummHoOM
Kneitapoka. [1-3].
Paccmorpum BupryanbHbie Bpemena oxunanus (BBO) k —Bbi3oBa, o0o3HaumM yepe3 wy(t)) B

mMomeHT Bpemenu t [3]. 3amaua naxoxaenus ®P BBO wi(t), k = 1,1, t>0, sBIsteTcs rIaBHOM 3ajaueif [4-5].

B macrosiueii pabore npeoskeH HOBbIM MeTo 1 ananmza Wk(t), kK =1,r , t>0.

0O0o03HaYNM

b, = fooo xdBy(x), aj =a;- [1 —%], O = Zﬁ‘zl ap, i=1k, k=1,r, bra1=0,

l

Br(s) = f0°° e *dB,(x), wi(s,t) = Ee~5®)  my(s)=s+ox-ox-m(s), $>0, =0,
E—3Hak MaTeMaTH4ecKoro Oxuaanus, a QyHKIus 7k(S) ~-MUHUMAJIbHBIA KOPHBb (DYHKIIMOHATBHOTO YPABHEHHUS
0y - X = Xl age - Bi(s + o) — 0y - X).
Ipu k = Lr, s0, t0 CIpaBe/NTUBBI PaBEHCTRA [5]
ax(s,£)= @ (M-1(s), 1), (1)
e o (s,t)=Eexp(-s wx ) u x (t) ectb ax(t) mpu ycaoBUM MpEKpaIeHUs OCTyIIA B CHCTEMY BBI30BOB ITOCIIE

MoMmeHTa t.

Mpuk =1,rj= m u $>0 monoxum
pu(s)=s-2isq a; - (1 = Bi(s)), pd(s)=s-XiZy ayj - (1 = Bi(5))-
Teopema 1. TTpu mo6six k = 1,7, 120, s>0 nmeroT MecTo

t r t
Wi(s,t) = ePk®t L] — 5. f e PP (y)du — Z aj - (1—=B;(s)) j e P dy x
0

0

j=k+1
by
. (t-v) i
% Obk b; e_pljc 1(S)u duP(WJ(V) < U)}, (2)
rae P — 3Hak BEpOSITHOCTH U
Jy e~StP(@)dt=(mr(s))", 0. (3)

Vpasuenus (1)-(3) maror nosnuyro nadopmarmio o Wk(t), K = 1r, 0.

B gyacuoctu u3 (2) mpu K=r umeem



D) B, (s,t) = ePrO {1 —5- [[ePrOUpu)du}, 120, $20.  (4)

Teopema 2. ITpu mo6eix K = 1r, 120,520 CIpaBeJIMBBI PABEHCTBA

wi(s,t) = w(s,t) +

bn
bp—b Y

j t _,J1
571 6 (1= Bi(9)) Dhos Jy P2y 37 e PO d Pwi(t —y) <w).  (5)

bn-1-b;

Vpasuenns (4), (5) Taxke AaI0T MoaHyIo HEGopMarmio o Wi(t), k =11, t0.
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006 00001IEHNSIX JUCKPETHOI'O U UHTErPabLHOIO
HepaBeHCTB Komn-byHIKOBCKOIO METOI0M
Cpe/IHUX 3HAYCHU

C.M. Curnuk (BenlV, Poccus)

B mokmame B dopme HeOONMBITIOro 0630pa paccMaTpUBAIOTCS YTOUYHEHUS B
TepMHUHaX CPEJIHUX 3HaYEHU HUHTET'PaJIbHOI'O U JUCKPETHOI'O HEPpABEHCTB KOHII/I*
Byunsikosckoro. Taks:ke NPUBEIEHBI IPUJIOKEHUS K TI0JIy9€HUIO HEPABEHCTE JIJIst
HEKOTOPBIX CHENUaIbHbIX QyHKImM. Pe3ybraThl MOXKHO IPUMEHUTD K yTOYHE-
HUIO OICHOK PSAJIA BEJUYUH B TEOPHU BEPOATHOCTEH M MATEMATHYIECKOM CTaTH-
CTHKE.

ITpuBeséM OCHOBHOIH pe3yJbTAT JIs yTOYHEHUS WHTErPAJbLHOIO HEpPABEH-
crBa Komm-By#sikosekoro [1]-[3]. Hazosém aGeTpakTHBIM CpegHuM QYHKITHO
M (z,y), yZIOBJIETBODSIONIYIO eCTeCTBEHHBIM yeaoBusiM: min(z,y) < M(x,y) <
maz(x,y) (mpomexyrounocts), M(x,z) = x (mecmemgénuocrs), M(az,ay) =
a-M(z,y) (omHOPOAHOCTD) U CBOMCTBY MOHOTOHHOCTHU IO KaXKJIOH [EePEMEHHOIA.
O6ozuayum uepes M*(z,y) sBemuuuny M*(z,y) = % Torna crupaseiuBa

Teopema 1 ITycmv M - npouseoavroe abcmpaxmnoe cpednee. Tozda cnpased-
AUB0 060bweHue uHMe2ParbHo2o vepasercmea Kowu—Bynakxosckozo euda

b 2 b b
( / f(sv)g(w)dfc> < / (M(f, 9))? dz - / M (fg)Pde< (1)

b b
g/ (f(x))2dx./ (9(x))? dz, (2)

Crmcok urepaTyphl
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C. 221-266.

[3] P. Agarwal, A. Korenovskii, S. Sitnik. A Generalization of Cauchy—
Bunyakovsky Integral Inequality Via Means with Max and Min Values,
Chapter 18. In: Trends in Mathematics. Advances in Mathematical
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B. Samet. Birkhauser Basel, Springer Nature Singapore, 2018, 333-349.



O SIIPAX CJIYUAMHBIX OIIEPATOPOB.

CMOPO/IMHA H.B.

ITycrs &, (t) — pemenne croxacTudaeckoro nuddepeHImaIbHOrO ypaBHEHUs

o (t) = b(& (£)V (§2 (1)) dt + b(&: (1)) dw(t),  &:(0) = =.
B upocrpancrse Lo(R) paceMorpum caMocOnpsizKeHHbBIH onepaTop

1d d

A= =5 —(0*(@)5-) + V(2),
sasiannbii ma obmacru onpenenenns W3 (R). Ornocuremsuo bynkmmit b(x), V()
MbI ByjieM IIpejnosaraTh BbIIOJIHEHHe cieayomnmx yeaosuit: 1. V € L1(R). 2. b €
C? u ornenena or uyns. 3. Cymecrsyer by > 0 Takoe 4To xgrfoob(x) = by. 4.

lim ¥ (z) = Erﬂrzl V' (x) =0.5. [px?(|b(z) — bo| + [/ (2)]) dz < oo.

r—+o0

U3 yenosuit 1-5 BeITekaeT, 9To criekTp oneparopa A coctont us uatepsada [0, 0o)
U, BO3MOKHO, HECKOJIBKUX OTPUIATEIbHBIX OJHOKPATHBIX COOCTBEHHBIX 3HAYEHUIA.
Yepes H, C L3(R) 06031auuM abCOMIOTHO HEPEPLIBHOE MOAIPOCTPAHCTBO OIlE€pa-
Topa A, a yepe3 P, — oproronasibubiii npoektop B Lo(R) na H,. Yepes Ay = AP,
obo3HaunmM cyxxenne orneparopa A ma H,.

st KaXKI0ro A, yaoBjeTBopsoniero yciaosuio Re A < 0 onpemennm cirydaifabii
oneparop R, nomnaras

RS = [ BV g
0

Teopema 1. 1. C sepoammnocmoio 1 onepamop RY asasemes oepanuseriom -
mezpanvivim onepamopom 6 Lo(R) suda

R4S (z) = / ra(t 2, 9) () dy,

npuvem npu Re A < 0 nocaednee pasencmeo cnpagediuso makotce 0as t = 0o.
2. Jlaa mobox A\, t,x dynruua ry(t,z, ) € W das aobozo o € [0, %)

Teopema 2. 1. Ecau Re A < 0 mo das wmobozo f € H, svinoanero

B [ (o0 ) ) dy = (Ao = A1) 1)
2. Ecau ReA =0 u A # 0 mo daa mobozo f € H, svinoanero
Jim E / Pt ) F ) dy = (Ay — AL, 2)
— 00 R

IIpu X = 0 pasercmeo (2) evmoareno oas amobozo f € D(Ag — N)~L.

ITIOMU PAH, Caukt-IlETEPBYPT, POCCUs
E-mail address: smorodina@pdmi.ras.ru

PaGora Bemosinena npu nogaepxkke PH® (rpant Ne 22-21-00016).
1



O HeKOTOpBIX pe3yabTaTaxX MaTeMATHYECKOr0 MO/IeTUPOBaHUs nmpoueccoB nuddys3un,
00yCJIOBJIEHHBIX B3aHUMO/IeliCTBHEM 3apSKeHHBIX YACTHUI] U/ MJIH 3JIEKTPOMATHUTHOTO U3JTy4YeHusl
€ MOJIYNIPOBOJHMKOBBIMYU CTPYKTYpPaMu

L* Crenosuy M.A., 2 Typtun 11.B., L™ Kanmanosnu B.B., 3 Ceperuna E.B., * ®unurmos M.H.

! Kanyacexuii zocydapemeennwiii ynusepcumem um. K.3. Luonkosckozo, “m.stepovich@mail.ru,
“'V572264@yandex.ru
2 Heanosckuii 2ocydapemeennviii yhusepcumem, turtin@mail.ru
3 Mocrosckuii 2ocyoapcmeennvlil mexnuyeckull yuugepcumem um. H.O. baymana (hayuonanvHwlil uc-
crnedosamenvckutl ynusepcumem), Kanysicexuti ¢punuan, evis@yandex.ru
* Unemumym o6weii u neopeanuueckoti xumuu un. H.C. Kypraxosa PAH, mn@filippov.org.ru

Panee [1] paccMoTpens! croxactiuueckue Moaeiu quddy3un U MOCIeAYIOMCH H3TydaTeIbHON
pEKOMOMHALMM HEPABHOBECHBIX HEOCHOBHBIX Hocuteneil 3apsaa (HH3), renepupoBaHHbIX B OJHO-
POJHBIX IMOJYHIPOBOJHUKAX IIUPOKUMHU 3JIEKTPOHHBIMHU HJIM CBETOBBIMHM IyukaMu. Vcmonb3oBaHue
MIMPOKHUX UCTOUHUKOB BO30YXICHUS TO3BOJISIET IPH MaTEMATUIECKOM MOAEIHUPOBAHUN HCIIOIB30BATh
OJIHOMEpHbIE MaTeMaTUYECKHUe MOJIENIM pacCMaTPUBAEMbIX SIBIICHUH, a MPHU MPOBEICHUU SKCIIEPUMEH-
TIBHBIX WCCIECIOBAHUN JJIsl JTMArHOCTUKHA MAaTE€pPHajOB CYIIECTBEHHO CHHU3UTH pPaJUallHOHHYIO
Harpy3Ky Ha 0ObEKTHI HCCIIEIOBAHU.

JInist OTHOPOAHBIX MOTYOECKOHEUHBIX MOJIYIIPOBOAHUKOB U TOJIYIIPOBOJAHUKOB KOHEYHOH TOJI-
muHbl guddepeninanbabie ypapaenus quddysun HH3 Moryt ObiTh 3anucansl B Buje [2]:

Ddzﬁfz(z) ~ ApT(2) =—p(Z)

nJIn

o0l ) 20(Ete) o5z,

C COOTBECTCTBYIOIIIMMHU T'paHUYHBIMU YCIOBHUAMHU — B 3aBUCUMOCTH OT XapaKTepa MOJCIIH. 3I[CCI> CHM-

Boil A 0003HaYaeT W3MEHEHHE COOTBETCTBYIOIIETO (HH3UUCCKOTO TMapamerpa, (GpyHKIUH Ap(z) "

Ap(z, ZO), onuceiBatoT pacnpenenenue HH3 no rnmy6uHe B MumieHu B pesynbTare ux auddysuu,
e 0]
IIPU 5TOM JJIsi BTOPOM MOJENH Ap(Z) :JO Ap(Z, ZO) dZO, Z — KoopAWHAaTa, OTCYUTBIBAEMas OT

IUIOCKOW TOBEPXHOCTH BIIyOb MOJYNPOBOIHUKA, p(Z) — KOHIleHTpauusi reHepupoBanHbix HH3 Ha

rnybune Z go ux mubdysun, a D, T, vy — koodduument muddysun, Bpems KU3HE U CKOPOCTH

noBepxHocTHOW pexoMmOuHanmu HH3 cooTBeTCTBEHHO, KOTOpHIE Il OJHOPOJHBIX MHILIEHEH cuuTa-
OTCs ITOCTOSSHHBIMMU.

Ecnu no kakol—To npu4MHEe XapakTep BHEIIHEro BO30YXICHHUs U3MEHUTCS (HalpuMep, BCe -
CTBUE KaKOTO—JIMOO CIIy4allHOTO BO3JIEHCTBUS), TO 3TO MPUBEIET K M3MEHeHuto pacnpeaenenuiit HH3
nocie ux 1udpdy3un B NOIYIPOBOIHUKOBON CTPYKTYpE U, KaK CIIEACTBUE, K H3MEHEHHUIO NapaMeTpoB
KaTOJOJIOMHUHCCIICHTHOI'O U3JTy4YCHUS. HpI/I MaT€MaTUYCCKOM MOACITIUPOBAHUHN 3TO OTBECYACT U3MCHEC-

HUIO NpaBoil yactu auddepeHnrantbHoro ypaBuenus nupdysun p(Z), W3MEHEHUIO €r0 peleHus
Ap(z) WA Ap(z, ZO) U U3MEHEHUIO NapaMeTPOB, XapaKTEPU3YIOIUX UHTEHCUBHOCTh KAaTOAOJIO-
MUHECICHIINH |(E0, @). [Ipn BO30YXJ1€HUU KaTOAOIIOMHUHECIEHIINA MOHOIHEPTeTHUYHBIMH 3JIEK-

tpoHamu Ej — ux sHeprus, a ® — BekTOp MapaMeTpoB, XapaKTEpU3YIOMMX MHUIIeHb. OT4acTH TaKas


mailto:m.stepovich@mail.ru
mailto:**v572264@yandex.ru
mailto:turtin@mail.ru
mailto:mn@filippov.org.ru

paboTa MpOBOIUIIACH paHee JJIsl OJHOPOIHBIX [2] 1 MHOTOCIONHBIX [3] MUIIEHEH; 3/1eCh ITH HCCIIEIO0-
BaHUS MTPOJIOJKCHBI.

B Hacrosei padote Ui paccMaTprBaeMbIX MaTEMaTHUECKUX MoJieleit tupdy3uu U KaTto0-
JIFOMUHECIICHIIMK TOY4YEeHBI OILICHKH, HO3BOJISIOINE [0 M3MEHEHHIO paBoil yactu nuddepeHnnarsb-
HOTO ypaBHeHUs quddy3un oLeHUTh H3MEHEHUE TapaMeTPOB ITHUX poreccoB. OCHOBHOI pe3yibTar
copMyIIUpOBaH B BHJE CIIETYIOIICH TEOPEMBI.

Teopema. Eciu
‘Pz(z) —Pl(z)‘ <g,

rae € —Opou3BOJIbHAS ITOCTOSTHHASA, TO

|Ap, (2) - Apy (2)|<Cee

1, (Eg, ©)—1,(Eg, ©)| <Cue.

BI/I,I[ KOHCTAaHThI YTO‘IHéH JJIA obenx paccMaTpuBaCMbIX MOHCHCﬁZ I OAHOPOAHBIX HOJ'IY6GCKOH6LI—
HBIX IMOJIYITPOBOAHUKOB U OJHOPOAHBIX ITOJTYIIPOBOJHHUKOB KOHCYHOM TOJIIITUHBI. HOCKOHLKY XapaKkTep
BHCIIHETO BOBﬂCﬁCTBHH Ha TOJYIIPOBOAHUK HC KOHKPCTU3HUPYCTCA, IMOJYUYCHHBIC PE3YyJIbTAThl CIIpa-
BCUIMBEI ITPU BO3II€ﬁCTBHPI Ha IDOJTYNPOBOAHHUK KaK IMYYKOB 3apsAKCHHBIX YaCTHII, TaK U 3JICKTpOMaAr-
HUTHOI'O U3JTYUCHUA.

HOJIyquHI)IG PE3YIbTATHI MCIIOJIB30BAaHbI IIPU MPOBCACHUN KAYCCTBCHHBIX OLICHOK JIA IICp-
CIICKTUBHLIX MaTCpUAIOB HOJIyrIpOBO,Z[HHKOBOﬁ OIITO3JICKTPOHUKH.
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Ob YPABHEHUUN KOPIEBETA — JIE ®PN3A C IITYMOM B
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Beném croxacruueckoe ypasuenune Kopzesera — ge @pusa B dpopme Crpa-
TOHOBUYA:

dyu + auzdt + Buuy, * AW (t) + Yuges * dW (t) = 0, (1)
KOTOpoe (hOpMATHHO MOKHO 3aIlICaTh B BUJE
ug + Qg + (Butty + Vg )W (t) = 0, (2)

rae «, 8,7 > 0, a u(x,t, W(t)),u(x,0,0) = ug, (z,t) € R x [0, T] — cayqaiinbrit
MIPOIIECC, ONMMCHIBAIONINI PACTIPOCTPaHeHne JIMHHBIX BosH, W (t), W (0) = 0 —
CTaHJAPTHBIN BelleCTBEHHO3HAYHBII BUHEPOBCKHUIL IPOIECC, KOTOPBIN IefiCTByeT
Ha HEJIMHEHHBIN U AUCIIEPCUOHHBINA YJIeHbl ypaBHeHus. Y paBuenne Kopaesera —
ne Opusa UCIoJb3yeTcs Kak MPUOJINKEHIe [JIsi OMUCAHUS OJHOHAIIPABICHHOIO
PACIpPOCTpAHEHNsT BOJH C MAJIOH aMILIUTYI0H u OOJBINON JJIMHOW B HEJIWHEH-
HBIX JUCIEPCUBHBIX CUCTEMAX. B hu3uaeckoM CMBICTE MTyM, HAKJIAIBIBAEMBIi
Ha, HEJIMHEHHBIN YJIeH, OnpeIeisieT BiausHue (PaKTOPOB OKPYKAONINN CPEIbl Ha,
MOJHATHE BOJIHBI, a IIYyM, HAKJIa/IbIBAEMbIil HA JMCIEPCUOHHBIN YJIeH, OIlpeie-
JISIeT CJIyYAiHYIO MPUPOILY PECCEMBAHUS BOJIHBI, 9TO SIBJIATCs DOJIEE a/1eKBATHOM
MO/IEJIbI0 KOHKPETHBIX (DU3UYECKUX SBJIEHUI, KOTOPbIE HOCAT CTOXACTUYECKUiT
XapakTep.

Panee croxacrumaeckoe ypasuenne Kopaesera — jne @pusa ObLIO UCCIEIOBAHO
B crarbe A de Bouard, A Debussche [1] B 1998 roxy. Apropsr paccmorpenn Kia®
CO CJIy4YalHBIM YJIeHOM THUIa GesIoro myMa B MPaBOil YaCTH YPABHEHUSA. DTO MO-
2KeT ObITh MOJIEJIb BOJISHBIX BOJIH HA YKUIKOCTU, HAXOAIIENHCS MO/ CIIyIaifiHbIM
gaBsienueM. B crarbe 10Ka3aHO CyIECTBOBAHME M €IMHCTBEHHOCTH PELICHU B
H 1(R) B CJy4dae aJINTUBHOTO TyMa W CYIIeCTBOBAHNE MAPTUHTAJIBHBIX pere-
muit B L2(R) B caydae MyIbTHILIAKATHBHOTO Iy Ma.

3arem Debussche A. [2] yucieHHo uccienoBas BIUSHUE OIHOPOJHOIO IILy-
Ma Ha dBOIOIMIO perreHuii ypasuenus Kopzaesera me Ppusa merogoMm KoHed-
HBIX JIEMEHTOB M HAMMEHBIIUX KBaJAPATOB. UHC/IEHHbIE SKCIIEPUMEHTHL [IPOBO-
JUNCH JIJIS PA3JIUYHBIX 3HAYEHWH aMIIMTYABI MTyMa. BhLIO 3aMedeHo, UTO B
pacupoCTpaHeHNe NOH-aKyCTHIECKUX COJTUTOHOB B TIA3Me JOJIKeH ObITH J00aB-
JIEH 9JIEH C TPOCTPAHCTBEHHO-BPEMEHHBIM IITYMOM [JIs1 TPUOIMKEHUST K DKCITe-
PUMEHTAJIbHBIM JAHHBIM.

OJHAKO B 9TUX CTAThAX UCCJEOBAJICS JIMIIb BO3MYIIAIONMA YJI€H B BUJE
MyMa B TPABON 4YacTW ypaBHEHWs. B TO BpeMsi Kak B JAHHON pabore mpen-
JaraeTcsa PacCMOTPETH IIyM, HAKJIQAbIBAEMBIN HA HEJIMHEHHBIN 4JIeH, KOTOPBI
ompenenser BiausgHue (HPAKTOPOB OKPYKAIONHMI CPEIbl HA MOJHATHE BOJIHBI, U
IIyM, HAKJIaAbIBAEMbIA HA JUCIIEPCUOHHBIN YJI€H, KOTOPBII OnpeiendeT Caydai-
HYIO IIDUPO/Iy PEecCeuBaHUs BOJIHBI.

st ynobeTBa pa3obbéM paccyzKeHue Ha Iard:

ITar 1. enp manHoro mara — npusenenue ypasHenus (1) K uemnodke je-
TEePMUHUPOBAHHBIX ypaBHeHmil. Pacnumrem croxacrudeckue auddepennuaibl B
dopme CrparoHoBHYA:

dyu = ugdt + uy % dW (t),



riae u(x,t,v) — JerepMUHUPOBAaHHAA (DYHKIUS TPEX [EPEMEHHBIX, UMEOIasi
HelPePbIBHBIE IIPOU3BO/IHbIE TPEThero 1opsaka. Torna ypasuenue (1) neperu-
mercst B Bue auddepeHnnaabHOr0 ypaBHEHUs B TOJMHBIX auddepenimanax:

urdt 4+ uy x AW (t) + qugdt + Puny * AW (t) + Vg, * AW (t) = 0, (3)

rae a, 3,7 > 0, a u(z,t, W(t)),u(x,0,0) = ug, (z,t) € R x [0, T] — ciyuaiinbiit
POLIECC, ONUCHIBAIOLIMI pacupocrpanenue aiuHnbix BostH, W (t), W(0) = 0 —
CTaHJJAPTHDBIN BelleCTBEHHO3HAYHbIA BUHEPOBCKUI IPOLECC, KOTOPBIA JeficTByeT
HA HEJIMHEHHBIR U JIUCIEPCUOHHBIN YJIeHBl ypaBHEHUs. BOCTONIb3yeMes TeXHU-
KOii cBenenus croxacrudeckux muddepennuanbubix ypasuenuii (CY) Uro B
dopme CrparonoBuua k nemnouke juddepeHnuanbibix ypasaenuit [3],[4], mo-
JIpOGHO onucaHHoil B [4] B yacTu ucc/ienoBaHus MOTPAEKTOPHBIX AHAJIOTOB Ol
HOMEPHBIX CTOXaCTHYECKUX AuMDDEPeHIInaIbHbIX YPABHEHUN ¢ CUMMETPUYIHBIM
WHTErpaJjioM, YCJIOBUN UX CYIIECTBOBAHUS U €IUHCTBEHHOCTH.

Crpymnmnupyem ciaraempie:

(up + qug)dt + (uy + Buty + Yugrs) * dW () = 0. (4)
OTKyzma caemyeT caemyromas Mermovka ypaBHeHUi:
up + au, =0, (5)

Uy + Buty + YUgze = 0. (6)

Crout OTMETUTH, YTO NOTyYEHHbIE YDABHEHUS SBJISIOTCS ETEPMUHUPOBAHHBI-
MW, DENEANeM YPABHEHWUH ABAAETCsT (DYyHKIMA TPEX MepeMeRHbIX u(x,t,v), Tpn
v = W(t). Bamerum, 4To mepBoe ypasHenue (5) U3 HENOYKU — JIUHEHHOE O
HOPOJHOE YPABHEHUE B YACTHBIX MPOM3BOJHBIX MEPEOTO MOPSIKA — yPABHEHHE
[IepeHOCca Ha IIepEMEHHbIe ¢ U T, [JIe U BBICTYNAET B POJIM Mapamerpa, a BTO-
poe ypasaeHue (6) — KJIACCHYECKOE HETMHEHHOE JAeTEPMUHUPOBAHHOE yDABHE-
mme Kopaesera — me ®pusa Ha TEpeMeHHBIE v W T, TAE ¢ BBICTYMAeT B POJIN
napaMerpa.

[Tar 2. OB61ee pemieHue TUHEHHOIO OMHOPOIHOTO ypaBHeHUs (5) B 4aCTHBIX
IPOM3BOMHBIX MEPBOrO HOPAIKA HA MEPEMEHHbIE { M I, TJE ¥ BBICTYIIAET B PO-
JIM mapaMerpa, mnpejcrasiserca B Bune u(x,t,v) = ¢(x — at,v), rae permenue
u(x,t,v) ocTaeTcst TOCTOSTHHBIM BIOJb KasKIOH M3 XapaKTePUCTHK, & ¢ — Mpo-
n3BonbHaa dyrkmmsa. OTcooma CaenyeT eInHCTBEHHOCTh PEIEHNs] ¢ TOIHOCTHIO
110 QYHKINH ¢, KOTOPAs 3aTEM ONPEIEIACTCA TACTHBIM PEIIEHNEM , TOKA3AHHBIM
HIKE.

PaccmoTrpum BTOpoe ypasHenue nenouku (6) — KIacCMYeCKoe HeITnHEHHOe
JIeTepMUHUpPOBaHHOe ypasHenne Kopaesera — ne ®pusa Ha NMEpeMEHHBIE U W
x, e t BhICTynaeT B pou napamerpa. Ilycrb U(x,t,v) — 9acTHOE pelieHue
3TOr0 ypaBHEHUS, YIOBIETBOPAIOIIEE HAYATBHBIM yCIOBHAM C yYETOM yCJIOBHS
v = W(t). Torna peienue u(x, t,v) CyuiecTByeT u € JUHCTBEHHO B CUJLY TEOPEMbI
IS IETEPMUHUPOBAHHOIO HeJIMHeHHoro ypasuenus Kopaesera — ae @pusa.

ITar 3. Tloxcrasum obiiee pemienue ypasHeHue (5) BO BTOPOE ypaBHEHUE
nenouku (6), mojydaeM CJeLyoliee ypaBHeHue:

¢u + ﬁ¢¢y + 7¢yyy =0, (7)
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rae y = ¢ — at. 9TO €CTh He 9TO WHOE, KAK KJIACCHYECKOe HEJIMHEHHOe JeTep-
MHHUpPOBaHHOE ypasHenue Kopaesera — me @pusa Ha II€peMEeHHBIE U U ¥, TIE t
BBICTYITAeT B poJsin napamerpa. Takum obpa3om, jir0boe 4acTHOE PEIEHne ypaB-
Henns (7) mpencrasisiercss B Buge u(x,t,v) = ¢(x — at,v).

Bosnukaer BOIpoc, Kak CTPOUTH perieHus ypaBHenus (7).

IMycrs ¢(y, t,v) — moboe YacTHOE PelieHne KIacCuueckoro ypasuenus Kop-
nesera — jge @pusa (7), rae ¢t BbicTyaeT B posiu napamerpa, roraa ¢1(y,t,v) =
oy, t,v) upuv = W(t), W(t) > 0u d2(y,t,v) = ¢(y,t,v) upuv = W(t), W(t) <
0. ITosromy pemmenne nenouku (5), (6), a cnenosarensuo ypasuenus (7) u CIIY
(1) mpezncraBnsiercs B BUIE

w(z, t, W(t)) = ¢p1(z — at, W(t)) - LW (t) > 0) + d2(z — at, W(t)) - L(W(¢) < 0).

ITar 4. Pemenue ypasuenus (1) cesoch K pemenuto ypasaenwuii (5), (6),
(7) pewenue koropbix cyuiecrByer. Takum 06pa3oM, METOJ| IIOCTPOEHUS Pellie-
uwii mia CIY Kopaesera — ne ®@pusa (1), cocrosimuii u3 maros 1-3, aBisercs
JTIOKA3aTEIbCTBOM CJIEAYIOMEH TEOPEMBI CyIIECTBOBAHUS PEITeHN:

Teopema. ITycms ¢(y,t,v) — ar06oe wacmuoe pewenue KAaCCuUuecko2o Yypas-
nenusa Kopdeseza — de @pusa (7), mozda pewenue cmoracmuseckozo ypashe-
HUA daunnoli eoanv, Kopdeseza — de DPpusa ¢ wymom 6 ducnepcuu u Heaued-
nom waene (1) cywecmeyem u eduncmeenno 6 kaacce GYHKUUT, ACAAIOULEMCH
nepeceneruem 08YT KAGCCO8: KAACCA GYHKUUT, 0Ai KOMOPHLT onpedesero edur-
cmeenHoe peuerue AuHetn020 00HOPodH020 YPABHEHUS 6 YACTMHBLL NPOU3EO0-
HOLT Nep6020 nopadxa (5) u xaacca Gyrryul, 044 KOMOPLIT onpedeseno eoun-
CMBEHHOE PEULEHUE HEAUHETH020 JeMEPMUHUPOBarH020 Ypasnenus Kopdeseza
— de @pusa (6). Kpome mozo, pewenue ypasrenus (1) 00H03nawno nazodumcs
N0 NoAYyueHHoMY 8 wazar 1-3 memody.

Caedecmeue. Cyuecmsenno, 4mo 8 Kawecmese CAYwatHol PyHKYUL MONHCHO
bpamb He MOoAbKO BUHEPOBCKUL MPOUECC, HO U NPOU3BONLHYIO HENPEPHLEHYIO C
sepoamuocmvlo 1 cayuwatingo Pynryuio (Peasudayuio CAywatinozo npoyecca),
KOMOPaA UMEET HEOZPAHUYERHYIO aAPUALUI.

Takum 06pa3oM, pa3paboTaH AHAJIUTUIECKHH METO PEITEHUS W TOKA3ATE b
CTBO TEOPEMBI CYIIECTBOBAHUS M €IMHCTBEHHOCTH pereHus 3aga4dn Kommm aist
CILY Kopaesera—ne ®@pusa ¢ mryMOM B JAWCIEPCUU W HEJIUEITHOM UJICHE.

Mogenuposanune ypasHenusi Kopaesera — me ®@pusa ¢ mymMoM B HETWHEH-
HOM H JHCIIEPCHOHHOM YJIEHE CBOIUTCH K KJIACCHIECKOMY IETEPMUHUPOBAHHO-
My ypasuenuio Kopaesera — me ®@pwusa, 9TO CyIIECTBEHHO ODJIErYaeT MOIEIIHU-
posanne CIIY Kad. A gacTHbIE pelieHus: JeTepMUHHPOBAHHOrO Ka® MOXKHO
WCIMOJIb30BATD /I MOCTPOEHUs pernernit croxactudeckoro Kad.
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[Iycrs X, Xo, ..., X, ecTb jJaTenTHbIe (HeHAOIOaeMble) HE3ABUCHMbIE U OJIMHAKOBO PaC-
Ipe/ieJIeHHbIE CJTyYaiiHble BeJIMUUHBI ¢ HEU3BECTHOW HEIIPEPBIBHOM (DYHKIINEH pacipe/ieeHust
F(x) n wiornoctsio pactpenenenus f(x) > 0,z € (0, 1), orpesok [0, 1] — Hocuress 3Toro pac-
upejiesiernst, u; = i/n,i = 0,1,...,n — roukn jesnenus uureppaia [0, 1] u W; = I[(X; < u;)
ecTb uHAUKATOp cobbitusi:{ X; < w;}. Paccmarpusaercs 3aaua OleHUBAHUA KBAHTHUIISI 110~
psaaka 0 < A < 1 dyuknun pacupesenenus F'(x) wa ocuoe ganubix (Wi u;,i = 0,...,n).
Takast 3a/1a1a BOSHUKAET B OMOJIOTUH U HA3BIBAETCS 3aBUCHMOCTBIO «103a-3dderrs (em. [1],
[2], [3]). Bamernm, aro E(W;) = F(u;).

O6bIvHast mpaKTUKa olleHuBaHus F'(x) U ee KBAaHTUIEH COCTOMT B HCIOJIH30BAHUU sI/IED-
HBIX OIEHOK [2|. B mocienee BpeMmsi mosiBUIOCH GOJIBINOE KOJUIECTBO PABOT, MOCBSIIIEH-
HBIX OINEHMBAHMIO (DYHKINU PACIIPEIE/ICHIA ¢ UCIOJb30BAHUEM JIJI 3TOI HEIN IIOJMHOMOB

bp(n,z) = CFa*(1—2)" % k=0,1,...,n,2 € (0,1). Tak, B paborax [4], [5] mna ool BbHI-
Gopku X1, Xy, ..., X, upepiaraercs ucnoibzosars cratuctuky Fo(z) = S F,(ug)be(n, x)
k=0

B KadecTBe oreHKn GyHKuuu pacupejesnerns F(xz), rne F,(z) ects sMmupudeckas byHK-
s pacupeaesnenns. s 6epHy/LIneBcKoil (DYHKIUME PErpecCuy OIEHKH € MCIOJIb30BAHNEM
nosimHOMOB BepHITeiina n3ydensr B pabore |6, mMenHO, B KadecTBe oneHkH i F'(x) mpe-
JIOZKEHA CTATHCTUKA

Fr(z) =Y Wib(n, ).

Tax xkak E(F(x)) = By(x) = > F,(ug)bk(n,z) asnsgerca nomunomom Beprrreiina mo-

k=0
panka n u \/dmna(l —x) Y ;o bi(n,x) = 1+ o(1) [4], To 911 oueHKn cocrosTeNbHE! U B (6]
TaKKe [OKA3aHO, YTO OHM ACHMIITOTHIECKH HOPMAJIbHBI.
Temeps s 3agannoro 0 < A < 1 ompegeanm

zy=infx: F(x) >\, Z,\=infaz: F,(z) > A\
B nacrosiem coobIIeHnn MBI PACCMATPUBAEM CTATHCTHUKY Iy, )\ B KadeCTBE OINECHKHU KBaH-

TuJsg o) nopsjika 0 < A < 1. VIMeroT MecTo clie/Iyiolye pe3yIbTaThl.

Teopema 1. IIycmv F(x) umeem mpemwvio ozpanusennyio npouzsodnyro u 0 < A < 1
3adaro. Tozda

A p
T\ — T
" n—oo

Teopema 2. [Ipu ycrosuax npedvdyuieti meopemol

d 2 2 AL=A)
- N = :
valen =) 22 NO0%). e 0 = G Yol — )
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B pabore [1] uccreqoBana MaremMarnyeckasi MOJEJb PEATHHON CHCTEMbI ITHKJIXIECKOrO
yIpaBaeHust KOHMIUKTHBIMA TPAHCIOPTHBIMU MOTOKAMU MAJIOW MHTEHCUBHOCTH HA W30JIH-
POBaHHOM NEPeKpECTKe. PaccMoTpuM Teneps cucreMy yiupas/ieHust KOH(MJIMKTHBIME HEOP K-
HapHBIMK yaccoHoBckmMY niotokamu 117 u Iy [2] ¢ moMompio nUKINYecKOro aaropurMa ¢
npojenneM u goodcayxusanueM. Ilpu j = 1,2 norok 1I; aBngerca HeopauHAPHBIM IIyac-
COHOBCKHM C MHTEHCHBHOCTBIO A; JJIST BBI3BIBAIOIINX MOMEHTOB. B KarKIplil BBI3BIBAOIINIL
MOMEHT 110 TOTOKY 1I; MOXKeT moCTynuTh OQHA, [BE WIN TPH 3asABKH COOTBETCTBEHHO C Be-
POATHOCTBIO Pj, ¢j WK S;, TA€ pj + qj + §; = 1. MHO)ecTBO cocTodHMit 00CITY KUBAIOIIErO
YCTPORCTBA, PEATU3YIOIEro NAKINICCKIA aJIrOPUTMAa ¢ IMIPOIJICHAEM U J000CTy KUBAHUEM,
6ynem obosmauars uepes I' = {I'V) T TG) T pre naurenpHOCTh KasKI0r0 COCTOSHUS
¢ mpu e € M = {1,2,3,4} pasua T,. IIpu kaxmom cocrosuuu I'?~1) ofcay:xupaer-
¢ TobKO motok II; ¢ mpomyckHoit criocobnocTsio I = [p;T5;_1], rie j1; — HHTEHCUBHOCTB
obCayKUBaHus 3agBOK 9Toro noroka. Cocrosmme ['(2) | j = 1,2, coorBercrByer mporeccy
HNEePEeHAIAIKI O0OCTY KHUBAIOIIEr0 yCTPOMCTBA, MOCae OOCIY>KUBAHUS COOTBETCTBYIOIIErO MO-
TOKa. B 9TO Bpems M000CTy’KUBAIOTCS TONBKO 3asBKM MOTOKA IIj, KOTOpBIE yiKe HAwa/IH
006CIyKUBaThCs B Ipeabiaymem cocroguun. Cauraem, aro Th;_1 > Th;. Ilpomycknyio cro-
cobroctb B cocroanuu 1'% ofoznadaem Uy = [pyTo;], I < lj. Cmena Tekymiero cocroanus
00CJTy>KMBAIOIIEr0 yCTPONRCTBA WJIA €r0 MPOJjIeHHe TPUHUMAETCS B CIIyJdailHble MOMEHTBI
BpeMeHU Ty, Ti, ... LLycTb caydaitawrit s;mement I'; € [ ecTh cocTostHUEe 0OCTYKUBAIOIIETO
yCTpOiicTBa Ha MPOMeKYTKe Bpemenu [7;,7;41) npu ¢ € I = {0,1,...}. Bygem npezmona-
ratb, 9t0 741 = 7; + f(Ty), i € I, tae f(F(e)) =T, e € M. Tak kak noroku II; u Il
He MOTYT ODCJIy>KHBATHCS OJHOBPEMEHHO Ha JIOOOM MPOMEXKYTKE [T;,T;4+1), TO OHHU SIBJIsi-
forcs KordumkTabiME [1]. BBemem caemytorue ciyvaiiible BETHYUHbBL, C TIOMOIIBIO KOTOPHIX
0003HAYNM XapaKTEPUCTUKU CUCTEMbI Ha 3TUX IIPOMEKYTKAX BPEMEHMH:

— n;; € X ={0,1,...} — KoInM4ecTBO MOCTYNMBINUX B cucreMy TpeboBamumii moroka II;
3a MPOMEKYTOK BPEMEHU [Ty, Ti+1);

— xj,; € X — KOIU4ecTBO HAXOJAINMXCA B oUepe I oXKuJaHua Tpebopanuil motoka II; B
MOMEHT BPEMEHH T;;

— & €40, l;-, l;} — mMakcuMmasIbHOE KOndecTBO TpeboBaHuii morToka 11, KoTopoe MoxKer
6bITH OOCIYIKEHO 33 IIPOMEKYTOK BPEMEHU [T;, Ti11);

/ _ . o L .
- &Y= {0,1,...,l;} — peanbHO 0bCIy?K€HHOE KOIUIECTBO TpeboBanuil moToka I1;
38, MPOMEKYTOK BPEMEHU [T;, Tj+1)-

Ha conepxkarenbHOM ypoBHE IpOIecC 0OCTyKUBaHUs TPpeOOBAHUN W YNPABJIEHUE MOTO-
KaM# MOYKHO Ommcarb ciaemytonmM obpasom. Obosnadum depes hy € {0,1,...,1; — 1} Be-
nwanHy mopora moroka II; w gepes hy € {0,1,...,ly — 1} Benmumny nopora noroka Ils.
O6coryKUBaHKe IEPBOro MOTOKA Ipoucxomut B cocrosiaun 'Y | ipu 9ToM BTOpO# MOTOK He
obcykuBaerca. Ecnu srp ; + 12; He JOCTUTHET BeTHYUHBI Ny K KOHILYy TEKYIIETO HHTEp-
Baa [7;,7Ti11), TO OBCIy:KUBalOmee ycrpoiicrso npoaitesaer cocrognue IV ma raxoii xe



IIPOMEXKYTOK BpeMeHH, HHade mepexonut B ciaenyomee cocrosune '), IIycrs remepsb 06-
CIIy’KUBAHIE BTOPOrO MOTOKA MPOMCXOMAT B cocrostimi 1), mpu 5TOM mepBbiii MOTOK He
obcyKuBaercsi. AHAJIOrUYHO, €Cu 10 TepBoMy noToKy Iy ouepejab MeHbIe OPOroBOroO
3HadeHNs hi, TO OBCIy’KHBAONee YCTPOMCTBO mpomseBaer cocrosame ') Ha rtakoii ke
IIPOMEKYTOK BpeMeHH, nHade mepexonut B cocrosiaune 'Y, I3 ocrampHbIX cocTOSHMUIT 06-
CITy?KUBAIOLIEE YCTPOHCTBO MOKET IepeiiTH TOIBKO B CJIEAYIONIEe COCTOSHEE, TO ecThb u3 I'(2)
BTG uuz TW 8 TW, Cocrosiuuss I'® u T coorsercrsyior mepuomy 1006C/IyKUBAHNS
TOJIBKO 3asBOK TIEPBOTO MOTOKA U TOJIBKO 3asBOK BTOpPOTO MOTOKA. Ilpu hy = 0 u he = 0
IIPUBEIEHHBIA BBINIE AJTOPUTM YIIPABJIEHUs] MPEBPAIIAETCA B IUKJIMIECKUN HA MHOXKECTBE
cocrogumit {I'D, T(?) TG) T, Benwuunma nopora h; orpamudena cBepxy IPOIYCKHOI CIIO-
COOHOCTBIO [j. DTO CAeIaHO TOTOMY, 9TO B ciIydae hj > l; cucTeMa He CMOXKET CIPaBUTHCA C
obcayxuanuem n1orToka II;. Torna 1o 3ToMy NOTOKY Ha4yHET BO3PACTATH KOIMYECTBO OXKH-
JTAOMUX TpeOoBaHUi OOCTYKUBAHUS U yIpaBJeHne OyaeT Hed(hPeKTUBHO.
OpuT(® €T, z1 € X, mi € X, 29 € X, my € X onpeznenum tereps (HyHKIHIIO

!F(e—Fl)’ 6:2’
F(l)’ 6:47
o r e=1,23 4+ my < hy;
w(I, z,my, 2, ma, ) = (2)
@), e=1,15 +mg > ho;
ré,  e=3,2;+mi <hy;
@ e=3z;+my > h.

\

MaTeMmaTnuecKoi MOJEJIbIO CUCTEeMa YIIPaBJICHUA KOH(bJ'[I/IKTHbIMI/I HEOpAMHAPHBIMU IIyaC-
COHOBCKHMH IIOTOKaMH H1 n H2 C IMOMOIIBIO INHKJINYECKOI'O aJropuTMa C IIpOAJIEHHEM U
,LLOO6CJ'Iy}KI/IBaHI/IeM ABJIAETCA MHOI'OMEpHad cnyqaﬁﬂaﬂ II0CJICA0OBATC/ILHOCTL BH A

{(Ts, 01,4, 500,6,61 1, &541) 0 € T},

e
Liv1 = w(T, 5016, m105 22,45, M2,0)

21541 = max{0, s, + 11 — &1},

o1 = max{0, 56, + 12, — §2.1}, (1)
£ = min{sa; + 016,814},
55,1' = min{s; + 12,62, }-

CupaBeyinBa CJIeAyomas TeOPEMa.
Teopema 1. Muoromepnasi ciydaiiHas MMOCJI€I0BATEILHOCTD

{(P’w %1,i7 %2,i7 Si,ifh 5&,@'71%7; S I}a

JIIS KOTOPOU BBIIOTHAIOTCS IIPUBEIEHHBIE BbIIe COOTHOIIeHUs (1), ¢ 3aJaHHBIM HAYATbHBIM
pacupegenenuem Bexropa (Lo, 51 ¢, 22,0,&] _1,&5 1) Ha mpocrpanctse I' x X x X x Y7 x Ys
ABJIAETCA OAHOPOAHON MHOIOMEDPHON MAapPKOBCKOU LENBIO.
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O METOJIE ®YHKIIU I'PUHA B 3AJJIAYE IIPEOBPA3OBAHUS CJIYYAMHOI'O
CUT'HAJIA JIMHEVMHOM JTUHAMMNYECKOW CUCTEMOU

B nanHo#l paGoTe paccMaTrpuBaeTcsl CUTyalusi, KOrja Ha BXOJ HEKOTOPOTO
yCTpO#CTBAa A MOCTYyMaeT HEMPEePBIBHBIN CydaiiHbiii curHan 1(t), a Ha BBIXOJE
HaAOJIFOIaCTCSl HEIPEPBIBHBIA CITydaHbIN curHau & (t).

YCTpolcTBO A HA3bIBAIOT JIMHEWHOW TMHAMHYECKOW CUCTEMOM, €CIU CBS3b
MEXIy BXOJOM M BBIXOJIOM OMHCHIBaeTCs AuddepeHnaIbHbIM ypaBHEHUEM N-TO
nopsijika C TOCTOSHHBIMU Kodddunmentamu. Ecnu Ha BXxole W BBIXOJE
HaOJro1at0TCs citydaiiabie curHanbl N(t) u £(t) COOTBETCTBEHHO, TO JIMHEHHAS
TUHAMAYECKass CHUCTEMa OIUChIBaeTca auddepeHInanbHbIM YPaBHCHHEM B
IrJIbOEPTOBOM  MPOCTPAHCTBE CIyYalHBIX BEJIMYMH C KOHEYHBIM BTOPHIM
MOMEHTOM

™ () + an-1 7D (O) + -+ ' (©) + agn(6)
= 5§ (1) + b1 § D (O+... +b1E () + b (1) = f(L). M
3necy korpdummentsl a;(i =0,...,n) u b;(i =0,...,k) — mocrossHHBIE
qyucha.

W3Bectubiit [1, 1. 8] moaxom mpu M3ydeHMH IUHAMUYEeCKoW cucTteMbl (1)
COCTOWT B MPEINOJOKEHUU CTAI[MOHAPHOCTH (B IIMPOKOM CMBICJIC) BXOJHBIX U
BBIXOJHBIX  CJIy4allHbIX  CUTHQJIOB W  MCIOJB30BAaHUM  YAaCTOTHOCTHOM
xapakTepucTuku. OH CBsI3aH C MPSIMBIM U OOpaTHBIM TNpeobpazoBaHueM Dypbe
CIIy4aiiHbIX mporieccoB. Hamn moaxon, ucnons3ytomuii meton Gyukiuu ['puna, He
MpenoiaraeT CTallMOHAPHOCTH BXOJTHOTO U BBIXOHOTO CIyYailHBIX CUTHAJIOB.

PaccmoTpum ckansipHoe nud@epeHnraibHoe ypaBHEHUE N-rO MOpsAIKa ¢
MOCTOSIHHBIMU KO3 pUIIIeHTaMu

a,x™ +a,_x™ V4 +a,x’ + apx = h(t). (2)

HNwmeet mecTo

Jlemma 1 ([2], t. |, §8). I[lycmb kophu xapaxmepucmuuecko2o ypaeHenus
A A" + a,_ (A" +ayd + ag = 0 me codepacam mouex muumoii ocu. Toeoa
0151 110001 HenpepwvleHoll oepanudennol Ha sceil ocu ¢yukyuu h(t) ypasnenue (2)
umeem 02paHudeHHoe Ha 6celi ocu peuienue, npuiem eouncmeennoe. Ono daemcs

Gdopmynot
x(t) = f G (t—s)f(s)ds, (3)

eoe G (t) — @pynxyusa I puna 3a0auu 06 0epaHu4eHHbIX peuleHusx ypasHerus (2).



3ameuanue 1. [Iycmo 6 ycnogusx nemmul 1 6ce KOpHU XaApaAKmMepucmu4ecko2o
ypasnenus: nexcam 6 naesou noaynoarockocmu (Re A; <0 i=1,..,n). Toeoa
ocpanuyenHoe peuieHue YpasHeHus (2) acumMnmomuvecku YCMOUYU8o No
Jlsnynoegy.

CBsi3b MEXIYy MAaTeMaTHUYECKUMHU OKUJAHUSMHU BXOJAHOTO U BBIXOJHOTO
CIIy4ailHbIX CUTHAJIOB XapaKTEpU3yeT

Teopema 1. Ilycmo 6xoonoui cayuaiinsiti npoyecc f(t) oepanuuen na éceil
YUCT0801 ocu, a KOpHU Xapaxkmepucmuiecko2o VpasHeHus.
A A" + a, (A" +ay A + ag = 0 He codepacum mouex muumoii ocu. Toeoa
mamemamuyeckoe odxcuoanue Mn(t) cayuaiinoeo npoyecca Ha  8vixooe

ounamuveckotl cucmemol (1) npedcmagumo 6 6u0e
(00

My (t) = j G (t — )MF(s)ds, @)

—00

20e G — ¢pynxyus I’ puna 3a0auu 06 oepaHuyeHHbIX peuleHUusxX ypasHeHus (2).
Cnedocmeue 1. Ilycmv 6 ycnosusx meopemvl 1 Ha 6x00 nocmynaem

«Kkeazucmayuonapnoliy cuenan, m.e. ME(t) = mg = const. Tozoa na evixooe

makaice 6yoem «K8A3UCTNAYUOHAPHBILLY CUSHAT, NpUYeM e20 Mamemamuieckoe
b
oxcudanue Mn(t) = m, = —m.
Qo
CBs13b MEXIY KOPPEAUMOHHON GyHKuMeH K, (t,t;) Clay4aiiHOTO CHrHana Ha

BBIXOJIE JIMHAMUYECKOW cucTeMbl (1) m xoppensiumonHod (ynkunn Kg(ty,t;)
CJIy9aifHOTO CHTHaJIa Ha BXOJIC XapaKTepHU3yeT

Teopema 2. Ilycmbv evinonnenwvt yciogus meopemvt 1 u OonornumensbHo
eeujecmeennvle  4acmu — 6cex KOpPHeU  Xapakmepucmuyecko20  YPAaGHEeHUs
ompuyamenvnor (Re A1; <0 i=1,..,n). Toecoa koppersyuonnas Gyukyus
K, (t1,t;) cayuaiinoeo cuenana 1(t) na evixode Ounamuueckoi cucmemvl (1)

onpeoensemcs hopmynot

t1 rto
Kn<t1,t2>=j j Gty — 1) G(ts — 1)K (t1, ) dTdt,,  (5)

e0e  Kg(t1,7,) — Koppenayuonnas Qynkyua 6xoonozo cuenana f(t) =

Yieq b;ED), a G — yuxyus Tpuna 3a0auu 06 02PAHUHEHHBIX DeUIEHUX
ypasnenust (2).

Ilpumep 1. Ha Bxom wunterpupytomeit RC-uenouku, onuceiBaeMoi
nudepeHnanbHbBIM YpaBHEHHEM

, 1
m () +pn(t) = FE.F =%=>0 (6)
MIOCTYIAeT HEMPEPhIBHBIN CITydaiHbIi OrpaHMYCHHBIA HA BCel ocu curHai &(t) ¢
MaTeMaTHuecKuM oxxuganuem ME(t).



3ametuM, uto ¢yHKius ['puHa 3agaun 00 OrpaHUYEHHBIX PEIIECHUSIX
ypaBHeHwUs (6) UMeeT BUJI
_ (e Ptuput > 0;
G.(t) = 0
nput < 0.
Torma wmatematuueckoe oxkuganue Mn(t) Ha BBIXOJAE JUHAMHYECKOMN
cucteMsl (6), cornacHo Teopeme 1 npencrasigercs GopMmyson

t
Mn(t) = Bf e B=9) ME(s)ds.

Koppensauuonnas ¢ynxius Ky (ty,t;) Ha BBIXOJIE JTUHAMUYECKOU CHCTEMBI
(6) cBs3ana ¢ koppensauuonHol Qpynkuuei Kg(t;,t,) Ha BX0oJe COrIacHO TeOpeMe

2 Gpopmynoi
t1 rty
K,(ty,t;) = Bze‘ﬁ(tl”z)f f eP*TIK, (11, 7,)dT, dT,).

Ilpumep 2. Ha BXOn NWHEHHOW JIMHAMHYECKOW CHUCTEMBI, OIMUCHIBAEMOI
i pepeHIranbHbBIM YpaBHEHHEM
n" () +4n'(6) + 3n(t) = §(0) (7)
MOCTyNaeT HEMPEPBIBHBIN CIy4yailHbIA OTpaHWYCHHBIN Ha Bceil ocu curHan ¢ (t).
VYkakeM XapaKTepUCTUKU BBIXOHOTO CIy4aiHOTO curHana 1(t).
3aMeTHM, YTO KOPHM XapaKTEPHCTHYECKOTO ypaBHeHHMs A% +41+5=0

uMeroT BUus1 Ay = —3,4, = —1. Torzna B COOTBETCTBUHU C TeOpEMOH 1
t

Mn(t) = j Gy (¢ — )ME(s)ds,

— 00

rae ¢pynkuus ['puna G, 3a7auu 00 OrpaHUYEHHBIX PEIICHUSX UMEET BUJT
G, (t) = {(e’lzt —eMt)(A, — ) tuput > 0;
0 nput < 0.
Koppensinmonnbie PyHKIIUM BXOAHOTO W BBIXOJHOTO CIIy4allHBIX CUTHAJIOB
TUHaMu4eckord cucteMbl (7) B COOTBETCTBHUM C TEOpPEeMOM 2  CBSI3aHBI
COOTHOLIEHUEM

t,
K, (t;,t;) = J J Gy (t; — T1) Go(t; — T2)Ke (T4, T2)dT1d T,
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Yy6 E.T., IToropeso B.A. (AI'TY, Pocros-ua-/lony, Poccusi), CroxacTudeckas
HeJIMHeHasag AuHaMMuYecKasi MoJeJib TUpoCcTadbuin3aTopa nHdOpMaIimoHHO-
M3MEPUTEJBHOTO KOMILJIEKCA IIyTEeN3MePUTEJILHOTO BaroHa.

UccnenoBasiach [uHaMuKa JABUXKEHUS TUPOCTAOMIM3UPOBAHHOIO WHMOPMAITNOHHO-U3Me-
PUTEJILHOrO KOMILTEKca myrenamepurensaoro Barona (MUK TIB) B ycioBusix meiicTBust mo-
MexX.

Teopema. Ilycth croxactuyeckass Mojesib rupoctabumusuposannoro UK 11B B dop-
Me «06bekT-Habmomarensy umeer Bux: Y = F(Y,t) + Fo(Y, )€, nue Y - BeKTOp cOCTOSIHMSI
pa3sMepHOCTH 1 = 3, ONUCBHIBAIONINI JIMHAMUKY 00bekTa, F' |, Fj -m3BecTHbIE HeJIMHEHHbIe
dyukIMu , onpejaensgemble u3 yciaoBus dyukrmnuonuposanus VUK T1B, ymnosiieTBopsitorue
yeaosuio JIummmmna ura Beex Y, t, m jgudpdepennupyemble N pa3 Ha WHTEpPBaJie BpEMEHU

(to, 1), & = (w:W) , w- BEKTOp CJIyYaiiHBIX BOSMYIIAIONNX YCKOPEHMI, ONUCHIBACMBIH B
obmmem ciaydae 6esbiM rayccoBckuM nrymoM (BIIID) ¢ mysreBBIM MaTeMaTHYIeCKUM OXKUIAHN-
eM U m3BecTHOI Marpureit uarencusHocreit D,,(t), W- BI'lIl ¢ mysneBbIM MaTeMaTHIECKUM
oxumanueM n Marpuieil narencusrocreit Dy (), Wa - BI'III ¢ HyseBbIM MaTeMaTH<IeCcKIM
OXKuJaHueM n MaTrpuneil narencuaocreit Dy, (t). Torga amocrepropHast IOTHOCTH BEPO-
garaoctu UMK TIB MoxkeT ObITH allpOKCUMUPOBAaHA CUCTEMOW MOMEHTOB:

oo

s i(j—1) <
wf = S ahmi gy T S v+ 3 fhmh, p=1,2,3;
n=0 n=0 n=0
1 1
_Jza’ mn-l—] IS—SZG mjn+5—1+§ ‘7_1 Zb "+J 25+

s(s—1) sz ]nJrS 2+332Z)12(2) m;” 1n+5 1+
n=0

+332b21(1) n+] 1s—1 —l—Zfl j+ns§
:—]Za mnﬂ 1Lk kZa m]n+k 1+; G —1) Zbl n—i—j 2.6+
k—1) Zbg Jn+k 2+]kzb13(3) m;_ 1n+’f 1t
—l—jkzbgl(l) n+_7 1LEk—1 +Zf1 ]Jrnk?;
n=0
Z—SZ@ mn+s 1,k kza msn—i—k 1+; ss—leQ n+8 267"
k—1 Zb3 sn+k 2+S/€Zb23(3) mg_ 1n+k: 1

+Sk Z 632(2) n+s 1,k—1 + Z f ms+n k>
n=0

rie j,8,k=1,2,3, a’, b, fi - koadDUNUEHTB Pa3IOKeHUsI.

[IpetoKeHHBIIT METO/T TTO3BOJISIET 3HAYUTEJIBHO YMEHBIIUTH 00bEM BBIYUCIUTE/IHHBIX
3arpar, YTO IOBBIMAaeT 3PPEKTUBHOCTh PAOOTHI IEPCIEKTUBHBIX MHAOPMAIINOHHO-U3MePHU-
TEJIbHBIX KOMILJIEKCOB Iy TEN3MEPUTETbHBIX BATOHOB.
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[IpenenbHOE TOBEIEHNE TTOPAIKOBLIX CTATUCTUK HA,
JUINHAX UKJIOB CIIydailHbIX A-TI01CTaHOBOK

AJL dxpivuB*
Maremartudeckuii nactutyT uMm. B.A. CrekioBa

SadurcupyeM HEKOTOpOE MHOXKECTBO HATYpaJibHBIX — umceda  A.
Yepes T,(A) 00603HAIMM MHOMKECTBO MOJCTAHOBOK CTEIIEHH 7, JJTHHBI
IIUKJIOB KOTODBIX TPHUHAJIE)KAT MHOXKeCTBY A (Tak HasbiBaembix A-
HOJICTAHOBOK ). PaccmaTpuBaercss ciaydaifHas MOJCTAHOBKA T,, PABHOMEDHO
pacupesenéanas muoxkecrBe T,(A). Ilycrs (, - obuniee 49ucao 1UKIOB
H(1) < 0(2) € o < 7a(Ca) - vApHAmHORNL A mT mHKTOD
[IOACTAHOBKHU Tp,. MbI OyJieM peaioaraTsb, 4ro

p(n) = 2 ety me W)
rie ¢ > 0 u nocsreoBaTessbHOCTD L(n) MeieHHO MeHsieTcs Ha OECKOHETHOC-
tu. Kak mssectHo [4], oTcioma ciemyer, 9TO y MHOXKecTBa A cymecTByer
MOJIOKATENHHAS ACUMITTOTHYECKASA TIIOTHOCTH 0 BO MHOXKECTBE HATYPAJIhH-
LIX YHCEJI, T.€.

. |k ke A k<n)|
lim =

n—oo n

0> 0. (2)

Sadukrcupyem JeicTBATEFHOE & U ToJtoXuM pu m € N ut > 0

r—exp <7Z—|—m\/f> =3 1

i€A,i<t

Teopema 1 IIpednonooicum, wmo ewnoaneno (1), u nycmo nocaedosamen-
vHOCMb M = m(n) — 00 MaKo6a, Mo
olnn—m

— 400 (n— 00).
Inn

Tozda
P{olnn,(m) < m+ zv/m}

L (106®)(2) + 89 (2)) + O (1>

AT T 1n%(n)

*Uccnemosanue BBIIOIHEHO 3a cueT rpanTa Poccuiickoro maygnoro domma Nel19-11-

00111-II, https://rscf.ru/project/19-11-00111/ .
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Baech D(+) - GyHKIUA CTAHIAAPTHOTO HOPMAJILHOTO PACIIPEIEJICHU.
Paccmorpum HEKOTOPBIE TIpUMEpHI, Korga BbmosHero (1). HawmGosee
EMKHUM W3 HUX ABJISACTCH CJICLYIOMIHI.

IIpumep 1 Ilpednosostcum, wmo mmoscecmeo A ne naxodumcs Ha peus-
émxe ¢ wazom, boavwum 1 U Y HE20 CYUECTNGYE TOAOHCUTNCALHAA
ACUMNMOMUNECKAA NAOMHOCTVD 60  MHONCECTNEE HAMYPAALHUEL “UCEN,
pasnas 0, m.e., ewnoanero (2). Toeda umeem mecmo (1).

IIpumep 2 Iyecmo M € N, 1 <i< M, Aj={me N: m=ak+0b;, k=
0,1,2,...}, ade yeawe a; > 1, 1 < b; < a; — 1, (a;,b;)) =1, A= Uf\ilAi,
npozpeccuu A; u Aj npu i # j ne nepecexaromea. Toeda (cm. pabomy A.H.
Iasnosa [2]) swnoaneno (1).

Ilpumep 3 Ilycmo ki,...,ks € N maxosn, wmo:
1. /Cl 22, 1= 1,...,5,’

2. (ki,kj) =1 npui #j.
Horoocum A ={m € N : kitm, i =1,...,s}. Toeda (cm. pabomy A.H.
Iasnosa [2]) swnoaneno (1).

MuoxecTBa n3 npumepa 1 6bum paccmorpenst B kaure Tumamésa [3] (2016),
a MHOXKECTBA U3 NMPUMEPOB 2 U 3 BBeJeHBI B cTaThe BosoTHukoBa, CaukoBa
u Tapakanosa [1] (1976). B s1ux paborax ucciie10Baauch HEKOTOPbBIE JAPYyrue
CBORCTBA CJIy9aiHBIX MOJCTAHOBOK C JIMHAMM IMKJIOB U3 3TUX MHOXKECTB.
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dposasi E.B. (Mocksa, Poccusi). IIpesiesibHOe mmoBegeHne MOIMYJISIIUI YaCTHUL, B
BETBAIINEMCSl CJIy9aliHOM OJIy K /IaHUM.

PaccmatpuBatoTess BeTBsmuecs cirydaitnbie 6ayxaanus (BCB) mo Z4, d € N, B koto-
PBIX TOYKM Pa3MHOMKEHUsI ¥ IUOeIU dacTull, HA3bIBAIOT UCMOYHUKAMU BeTBJeHus. Ipes-
[I0JIAraeTCs HE3aBUCUMOCTD SBOJIIOIMKA YACTHUIL JIPYT OT Jipyra u oT upejabicropun. OCHOB-
HOe BHUMAHUE yJIeJIsIeTCsl aCUMIITOTHIECKOMY aHAJIM3Y MTOBEJIEHUs PACIIOIOXKEHHBIX B TOUKE
y € 2% cy6uonynsiumit pu(t, ,y) u nomymsiumit wacrun u(t, x) = Y. za p(t, x,y), HOPOXKIEH-
HBIX JaCTUIEH-ITpapoIuTeIbHATIEN, Haxoasdmelica mpu ¢t = 0 B TOUKe x € Zd, UX IEeJI0YnC-
JIEHHBIX MOMEHTOB U YCJIOBHBIX MaTeMaTUYecKuX OoxkujaHuii upu t — oo s BCB kak ¢
OJTHUM HMCTOYHUKOM BETBJIEHWS, TaK M ¢ OECKOHEYHBIM YHUCJIOM HUCTOYHUKOB, PACIIOJIOKEH-
HBIX B KaXKJI0if Touke pereTku. Eciu nmpu ¢ = 0 B KaxKJI0if TOYKE PEIIeTKU HAXOIUTCS 10
OJIHOM YacCTHUIle, 3aKOH Pa3MHOMKEHHSI W I'MOEJIM JacCTHUIl OMUCHIBAETCS KPUMUYECKUM Map-
KOBCKHM BETBSIIIIUMCSI TIPOIECCOM B UCTOYHUKAX BerBjeHus. st xpumuueckoeo BCB, B
OCHOBE KOTOPBIX JIEXKUT CUMMETPUYHOE, HEIIPUBOIMMOE, 60368pamHoe CydaiiHoe OJIy»Kia-
HUE C [EPEeXOHBIMEU BepOATHOCTAMU P(t, X, y), BBIPOKIEHNE GOJIBINUHCTBA CyOIOMyIsuii
OpUBOIUT K “KytacTepusarun’ ocrapuiuxcst dacturl [1,2]. JIis BbRKUBINEH TOMysIsiiuy mpu
t — oo mmeem E[u(t,z)|u(t,z) > 0] ~ Ct, a E[u(t,z,y)|u(t,z) > 0] ~ Ctp(t,z,y), tae
C > 0. Tenepb npearnosoKuM HaJIudHe Ha PerieTKe JIMIIb OJIHOr0 MCTOYHUKA W OHON Ha-
qasIpHON wacTuisl npu ¢ = 0 B Touke = € Z%. Bo3HmKaeT BOIPOC O TOM, KaK H3MEHHUTCS
[peJieJIbHOE TOBEJIEHNE YCIOBHBIX MaTeMaTHIeCKUX OXKMJIAHUM, €CJIU BCe OCTAJIbHBIE IIPeJI-
TIOJIOKEHIsT MOJIe/H coxpamsiorcs. B srom cayaae E[u(t, z)|pu(t, z) > 0] = P~ (u(t, z) > 0)
u E[u(t, z,y)|p(t,z) > 0] = p(t,z,y)P~ (u(t,z) > 0). PesympraTer pador [3,4] o mosesennn
MOMEHTOB (i(t, z,y) u pu(t, ) TO3BOJISIOT JIOKA3aTh B 9TOM CJIydae CJIELyIONLyI0 TEOPEMY.
Teopema 1 /Ina kpumuseckozo sozepamnozo BCE no Z% ¢ odnum ucmounukom eemes.ne-
nus wacmuy npu (0, x,y) = 6, (z) ut — 00 umerom mecmo ymeepotcoerus:

a) ecou p(t,x,y) ~ gt~ %, v4 > 0, mo

Elu(t, )|u(t, x) > 0] ~ Ko(z)va(t), Elp(t,z,y)|pt,z) > 0] ~ Ka(z, y)vg(t),

6) ecau p(t,z,y) ~ hqq ta, hio >0, a €[1,2), mo

Blu(t, 2)|u(t2) > 0] ~ Vo (@uaa(t), Blult,z.y)|u(tz) > 0] ~ Voo (@ y)us o (1)
20e vy (t) ~ t7, vF(t) ~t77, va(t) = up (t) ~ VInt, vi(t) = up (8)* ~ By o~
Ul ~ t%, a € (1,2).

W3 310l TEOpEMBI BUIHO, 4TO JIst KpuTudeckoro Bos3pparHoro BCB ¢ ogHuM mcTOYHMKOM
BETBJIEHUS POCT YCJOBHBIX MAaTE€MaTHYUECKUX OXKUJIAHUN TOMYJISIIAil U CyONOmy it qa-
CTHUI, OKa3bIBaCTCsd 60ﬂee MEIJICHHBbIM, 9Y€M IIDU HaJUINN TaKUX 2KE€ MCTOYHUKOB C OJUHAKO-
BBIMHM MHTEHCUBHOCTAMU PA3MHOXKEHUS W TMOE/M YacCTUIl B KaKIOi TOYKe pemerku. [Ipu
p(t,z,y) ~ had t‘g, t — 00, m3-3a Heckomednoii mucnepenn ckaukoB BCB mo Z! cpoii-
CTBO BO3BpATHOCTU OJIy2KJIaHUsA ‘ociabeBaeT’ C yMEHBINIEHHEM 3HA4YeHHs IapaMeTpa «, a
npu « € (0, 1) 6uryK/1aHIe CTAHOBATCST HEBO3BPATHBIM.
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