Gliklikh Yu.E. (Voronezh, Russia) Stochastic equations with current velocities
and osmotic velocities (mean detrivatives).

All preliminaries about mean derivatives, in particular, about current velocities (symmetric mean derivatives DS ), osmotic velocities (antisymmetric mean derivatives DA ) and
quadratic mean derivatives D2 can be found in [1].
Let the diusion coecient, i.e., the eld of symmetric matrices (aij (x)), be smooth, autonomous and positive denite. Since all matrices (αij (x)) are non-degenerate and smooth,
there exist the smooth eld of converse symmetric and positive denite matrices (αij ). Hence
this eld can be used as a new Riemannian
metric α(·, ·) = αij dxi ⊗ dxj on Rn . The volume
√
form of metric α( · , · ) is Λα = det(αij (x)) dx1 ∧ · · · ∧ dxn .
Denote by symbol ρ(t, x) the density of probablistic distribution of random element ξ(t)
with respect to the volume form dt ∧ Λα on R × Rn , i.e., for every
( continuous bounded
)
∫
∫
∫
T
T
n
f (t, ξ(t))dP dt =
function f : [0, T ] × R → R the relation 0 E(f (t, ξ(t))) dt = 0
Ω
∫
f (t, x)ρ(t, x)dt ∧ Λα holds.
R×Rn
Let a Borel vector eld v(t, x) and a Borel eld of symmetric positive semi-denite
matrices α(t, x) be given on Rn . The system of the form
{
DS ξ(t) = v(t, ξ(t)),
(1)
D2 ξ(t) = α(t, ξ(t)),
where the equalities are fullled a.s., is called the rst order equation with current velocities.
Everywhere below we suppose that the elds v and α are smooth and all matrices α(x)
are autonomous and positive denite. If, in addition, v , α and partial derivatives of the
coecients of (aij ) satisfy the Ito inequality and the density ρ of initial value is smooth and
nowhere equal to zero, it is proved that (1) has a solution (see [2]).

Lemma 1 Let ρ(t, x), v(t, x), α(x) and Λα be the same as above and the solution of (1)
exists. Then the ow of vector eld (1, v(t, x)) on R×Rn preserves the volume form ρ(t, x)dt∧
Λα , i.e., the Lie derivative L(1,v(t,x)) ρ(t, x)dt ∧ Λα = 0.
Denition 1 The system

{

DA ξ(t) = u(t, ξ(t))
,
D2 ξ(t) = α(ξ(t))

(2)

where u(t, x) is a Borel vector eld and α is as above, is called the rst order dierential
equation with osmotic velocity.
By the use of the properties of osmotic velocity, properties of quadratic velocity and the
Stokes theorem we can nd ρ(t, x) that can be the density of solution of (2). Introduce
p(t, x) = log ρ(t, x).
∫
Assumption 1. We suppose that for every t ∈ [0, T ] the integral R×Rn ep(t,x) dt ∧ Λα is
nite, i.e., is equal to a certain nite constant C(t) that is C ∞ -smooth in t.

Theorem 1 If Assumption 1 is satised, under the above-mentioned hypotheses equation
(2) has a solution for any initial value having the density smooth and nowhere equal to zero.
The proof uses Lemma 1 in order to nd the current velocity of solution.
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